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Let (Q, A, 1) be a measure space. For each p € [1, o), the Lebesgue space

p
LP(Q) =1 f € L°:Ifll, = (f If(x)lpdﬂ(x)> <o o,
9]

is a very prominent Banach function space. One of the important
generalizations of Lebesgue spaces is Orlicz spaces, which are obtained by
replacing the function |-|P with a convex function ®. Various generalizations
have also been proposed for Orlicz spaces. A particularly interesting
generalization of Orlicz spaces has been redefined in [6] and [21]. This
generalization is, in fact, obtained by replacing the space L*(Q2) with a Banach
function space X, in the definition of Orlicz spaces.

Our main goal is to present a generalization of the Riesz—Thorin theorem for
generalized weighted Orlicz spaces associated with a Banach function space.
From this generalization, several proven theorems corresponding to other
spaces can be derived as corollaries.

Material and Methods

In this article, in the first section, the necessary definitions and symbols are
presented. In the second section, the complex Riesz-Thorian interpolation
theorem in weighted generalized Orlicz spaces is investigated. In the third

section, results regarding complex interpolation spaces [X,E?"],X,Ef)l]]g, and

caldron product spaces (X,E?"])l‘e(x,fl])e, are presented.

Results and discussion
Let X be a Banach function space in measure space (2, A, {), ® an N-function
and w a weight function on Q. In this article, the issue of interpolation in
Lebesgue spaces to weighted generalized Orlicz spaces X,y corresponding to
the Banach function space X is explained. The following Theorem is the main
result in this regard.
Theorem: Let X and X' be two solid Banach function spaces on O-finite
spaces  and Q' respectively, v, and v, are weight functions on Q, and w,
and w, are weight functions on Q'. Let S:= {z € C:0 < Rez < 1}, and
two maps
IQxC—->C and Y:QxC—-C
satisfy the following properties:
1. ['(-,z) € X' and Y(+,z) € X for each z € C, and the maps
zv I(,2):S—> X' and z» Y(,2):S—> X




are bounded and continuous in S and analytic on S°.
2. Foreachy € Q' andt € R,

IT(y,i] < wo(y) and |I'(y, 1 +iD)] < wy(y).
3. Foreachx € Qandt € R,

1 1
Y(x,it)] < and |Y(x,1+it)| < ——
YOoi0] < s and [Y(x 1+ i0)

Vi (%)
4. Foreach0 <8< 1,x€Qandy € Q',T(y,0) >0and Y(x,0) > 0. Let

1
we(¥):=T(y,0) and vg(x):= Y& 0 xeQye).

If for each f € X‘E?"](Q) and g € X‘E?l](ﬂ),
T N30w < Mo 1f l[@g]v-

and
“T(g)”&q,wl =M ”g”[‘bl]rvl'
then for all f € !5 (),

T l3gwe < Mo~"M? IIf llwgve-
This Theorem is a generalization of corresponding cases in weighted
Lebesgue and Orlicz spaces. Also, results on the relationship between
generalized Orlicz spaces and interpolation spaces and also Caldero’n product
spaces in weighted generalized Orlicz spaces X,> have been presented.

Conclusion
The following conclusions are obtained from this research.
e The Riesz-Thorian interpolation theorem in weighted generalized
Orlicz spaces Xy corresponding to the Banach function space X is
valid.

e Generalizations of interpolation spaces [X,E:’])O],X,Ef)l]]g, and
Caldron'n product spaces (X,E?O])l'e (ng)l])e, can be defined and
interesting properties of these spaces are proved. These properties

generalize several well-known theorems in Lebesgue spaces and
Orlicz spaces.
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