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Introduction

This paper explores the interplay between almost contact metric structures  and
poly-Norden structures on Riemannian manifolds. By leveraging an almost
contact metric structure, we derive an induced poly-Norden structure and vice
versa. The study focuses on the integrability conditions of these induced structures
and their geometric properties, supported by non-trivial examples.

The almost contact metric structure, a well-studied framework on odd-
dimensional Riemannian manifolds, includes important subclasses such as
cosymplectic, Sasakian, and Kenmotsu manifolds. These structures have
significant applications in physics, particularly in cosmology, relativity, and
gravity. On the other hand, poly-Norden manifolds, introduced as a generalization
of almost complex and almost contact structures, are defined by a (1,1)-tensor
field P satisfying P> = mP — I, where m is a real constant.

Our main results include:

Induced Structures

We demonstrate that every almost contact metric structure (¢,¢&,n,g9) on a
Riemannian manifold M induces two unique poly-Norden structures P; and P,,
given by:

Po=ql+Q2q-mn®E , P,=q1+2q—mn®:E,

where g and q* are roots of the polynomial x> — mx + 1 = 0.

Integrability Conditions

We establish that the integrability of the induced poly-Norden structure P is
equivalent to the closedness of the 1-form 7. Specifically, P is integrable if and
only if dn = 0.

Parallelism
For the Levi-Civita connection V, we show that Vy& = 0 holds if and only if
VxP = 0, indicating a parallelism condition for the induced structure.
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Examples

Non-trivial examples are provided to illustrate the theoretical  results, including
a Euclidean space equipped with a specific poly-Norden structure and a 3-
dimensional almost contact metric manifold.

Dimensional Case

In the 3-dimensional setting, we prove that a poly-Norden manifold (M, P, g)
with an eigenvector ¢ of P induces an almost contact metric structure (¢, ¢,1, 9),
where ¢ is constructed using the eigenbasis of P.

The paper concludes by highlighting the significance of these findings in bridging
the gap between almost contact metric and poly-Norden geometries, offering new
insights into their mutual relationships and potential applications in differential
geometry and mathematical physics.
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