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Introduction
Let A and B be algebras. We say that a linear map ¢: A — B preserves
products at a given pointw € A if

x,y€EA xy=w = ¢xy)=ox)dQ). H)

The map ¢ preserves Jordan products at a given point w € A if

X,YyEA xoy=w = ¢(xoy)=0¢pkx)ed(), ()]

where x o y = xy + yx is the Jordan product on A.
A linear map ¢ is called a homomorphism (Jordan homomorphism), if ¢
preserves products (preserves Jordan products) at all elements of A.
Obviously, any homomorphism is a Jordan homomorphism, however, the
converse is false in general, see [12].
Let A be algebra and X be an A-bimodule. The linear map g: A — X is
called a derivation if for all x,y € A,

o(xy) = o(x)y + xo(y),
and it is called a Jordan derivation if all x,y € 4,
oxey)=oa(x)ey+xea(y),

where "e" denotes the Jordan product on X. Clearly, Any derivation is a
Jordan derivation, but the converse is fails. It is shown that every continuous
Jordan derivation from C*-algebra A into any Banach A-bimodule X is a
derivation [9].

The linear map o: A — X is called a derivation at a given point w € A if
x,y€A xy=w = dgxy)=cx)y+xc(y), (D)
and it is called a Jordan derivation at w € A if
X,y€EA xoy=w = ogxoy)=dx)ey+xec(y). (D)

Characterizing linear maps, especially, homomorphisms, derivations and
their Jordan versions on Banach algebras at a point w € A is maybe one of the
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most studied linear preserver problems, see for example [1,3,4,5,7,11,13] and
references therein.

Clearly, every homomorphism (Jordan homomorphism) preserves products
(preserves Jordan products) at all point w € A, however, the converse is not
true, see Example 4.1. Now there is a question that whether condition (H) or
(J) implies that ¢ is a homomorphism or Jordan homomorphism. A similar
question can be posed about condition (D) or (JD).

Recently, the author in [13] proved under some mild conditions that if A is
unital with unit 1, and a continuous linear map ¢: A — B between Banach
algebras satisfies in condition (J) at the point w = 1, then ¢ is a Jordan
homomorphism. The continuous surjective linear map between C*-algebras
that satisfies a mid-condition was considered in [1]. Maps between Banach
algebras satisfying in condition (H) or (J) at w = 0 are discussed in [3]. It is
proved in [10] that the linear map o: A — X is a Jordan derivation if and only
if itisaderivationat w = 1. Moreover, the condition (D) or (JD) were studied
for von Neumann algebras and C*-algebras at w = 0, [11].

In this paper, by idea of the material above, we study Jordan homomorphism
at the identity products and under certain condition, we prove that if a linear
map ¢: A — B between unital Banach algebras satisfies in condition (H) or
(D at w=1, then ¢ is a Jordan homomorphism. We also characterize
continuous linear map o: A — X satisfying derivation equation with xy = 1.

Main Results
The followings are the main results of our paper. In fact, we consider the
question of characterizing Jordan homomorphisms and Jordan derivations by

action at the identity products on Banach and C *-algebras.

Theorem: If a continuous linear map ¢: A — B satisfies in condition (H) at
w = 1, then ¢ is a Jordan homomorphism multiplied by ¢(1).

As a consequence we get the following results.

Corollary: Let ¢p: A — B be a continuous linear map satisfying in condition
(H)atw = 1. If $(1) = 1, then ¢ is a Jordan homomorphism.

Corollary: Let A and B be two unital C*-algebras and let ¢: A — B be a
continuous linear map satisfying

XY €EA xoy =1 = Plxoy) =)o p()".

If (1) = 1, then ¢ is a Jordan x-homomorphism.

Theorem: Let A be a unital C*-algebra and X be a Banach A-bimodule. If a

continuous linear map o: A — X satisfies in condition (D) atw = 1,then o is
a Jordan derivation.

Conclusion
The following conclusions are obtained from this research.




Let A be a unital Banach algebra with unit 1 and let B be a Banach
algebra. Then every continuous unital linear map ¢: A — B which
preserves products at w = 1 is exact a Jordan homomorphism.

Let A be a unital Banach algebra with unit 1 and let X be a Banach
A-bimodule. Then every continuous derivation at w = 1 is exact a
Jordan derivation.
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