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Introduction
Throughout this paper all rings are associative. Let R be a ring with center
Z(R). Recall that an additive map ¢: R — R is said to be a centralizer if
p(xy) = xp(y) = p(x)y

forax,y € R.Incase R has a unity 1, ¢ is a centralizer if and only if we have
@(x) = @(1)x forany x € R, where (1) € Z(R .([see [¥)) We say that ¢
is a Jordan centralizer if

p(xy +yx =xp(y) + o(¥)x
for all elements x, y € R. Clearly, each centralizer is a Jordan centralizer. The
converse is, in general, not true (see [3], Example 2.6).

In general, the question under what conditions that a map becomes a
centralizer attracted much attention of mathematicians. Vukman [6] has
showed that an additive map @:R — R, where R is a 2-torsion free
semiprime ring, with the property that 2¢(x2) = @(x)x + x@(x) for all x €
R, is a centralizer. Hence any Jordan centralizer on a 2-torsion free semiprime
ring is a centralizer. Benkovic et al. [1] have proved that if there exists an
additive mapping ¢: R —» R, where R is a prime ring with suitable
characteristic restrictions, satisfying the relation 2¢(x™*1) = @(x)x" +
x"p(x) for all x € R and some fixed integer n, then ¢ is a centralizer.
Vukman [7] has showed the following result. If ¢: R — R is an additive
mapping, where R is a 2-torsion free semiprime ring, satisfying the relation
@ (xyx) = xp(y)x for all pairs x,y € R, then ¢ is a centralizer. In [3] the
author study continuous linear maps behaving like Jordan centralizers when
acting on unit-product elements on Banach algebras, that is, a map ¢: A —
A satisfying if ab = ba = 1, then

ap(b) + ¢(b)a = 2¢(1),

where A is unital Banach algebra.In [8], centralizers in zero products (ab=0)
on the algebra of continuous operators on Hilbert space are studied. Also in
[5] centralizers on nest subalgebras of von Neumann algebras by local action
in zero products are characterized. For results concerning centralizers on rings
and algebras, we refer to [3], and [4] and the references therein.
In this paper, we by idea of the material above, we study the additive map
@: AlgN' — AlgIV satisfies

X, YEAIGN ,XY =YX =0 = Xo¥)+¢o¥)X=0
where AlgV be a nest algebras on a Hilbert.
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Preliminaries

Let H be a Hilbert space. We denote by B(H )the algebra of all bounded linear
operators on . The identity operator on 7 is denoted by I, and the projection
of H onto the closed subspace £ is denoted by P;. A subspace lattice £ on a
Hilbert space H is a collection of closed (under norm topology) subspaces of
I which is closed under the formation of arbitrary intersection (denoted by
A) and closed linear span (denoted by V), and which includes {0} and #£. For
a subspace lattice £ , we define the associated subspace lattice Algl by

AlgL = {T € B(H):T(N) € N,VvN € £}

Obviously, AlgL is a unital weakly closed subalgebra of B(#). A totally
ordered subspace lattice ' on Hilbert space H is called a nest and the nest
algebra associated to the nest V', denoted by Alg/V is called a nest algebra.
When V' = {0, H'}, we say that V" is non-trivial. It is clear that if V" is trivial,
then AlgV' = B(H)). Let V' be a nontrivial nest on a Hilbert space 7. If N €
N\ {(0), '} and Py is the orthogonal projection onto N, where Py(#) = N
and JI— Py=P¢ then we have (I—Py)(AlgN)Py = {0}and hence
PyAlgN Py PNAlgNPNl>

Alg =
& ( 0 PLAlgV Py

Note that PyAlgNV Py and Py Alg/V Py are unital closed subalgebra of Algiv. It
is obvious that Py and Pg are unities of PyAlgN'Py and PgAIgN'Pg,
respectively. Also PyAlgV'Pg is both unital faithful left Banach PyAlg/V Py-
module and unital faithful right Banach Pg AlgV'Pg-module, so PyAlgV Py is
unital faithful Banach (PyAlgN Py, PEAlgN Pg)-bimodule. For more
information about Nest algebras, refer to [2].

Main Results
The followings are the main results of our paper. In fact, we consider the
question of characterizing Jordan centralizers by action at zero products on
Nest algebra.

Theorem. Let V' be a nest on a Hilbert space H and ¢: AlgN" — AlgNV be
an additive map. Suppose ¢ satisfies

XY=YX=0 = Xo¥)+ o(Y)X=0,
forany X,Y € AlgV'. Then ¢ is a centralizer.

Since every Jordan centralizer satisfies the requirements in above Theorem,
the following corollary is clear.

Corollary. Let V" be a nest on a Hilbert space H and ¢: AlgN' — AlgN isa
Jordan centralizer. . Then ¢ is a centralizer.

Also from this result we can obtain the following corollary.

Corollary. Let V' be a nest on a Hilbert space H and ¢: AlgN" — AlgV be
an additive map. Suppose ¢ satisfies p(XYX) = X (Y)X, for any X,Y €
AlgV. Then ¢ is a centralizer.

Conclusion
Let V" be a nest on a Hilbert space H and ¢: AlgN" — AlgNV be an additive
map. Let ¢ be Jordan centralizer at commutative zero products. We




characterized the structure of ¢ according to the centralizer. In fact, we proved
to ¢ be a centralizer and by using this result we obtain some corollaries

concerning (Jordan) centralizers on nest algebras.
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