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A valuation v on a field K we mean a surjective mapping v: K—G(K) U
{0}, where G (K) its corresponding value group is a totally ordered additive
abelian group such that for all x,y in K, the following properties are
satisfied:
i v(x) = o ifand only if x = 0,

i vlxy) =v(x) +vQ),

iii. v(x +y) = min{v(x),v(y)}.
The pair (K,v) is called a valued field and whenever the valuation is
obvious from the content (for abbreviation), we will sometimes call it by K.
For a valued field (K, v), the valuation ring and the residue field are denoted
respectively by Oy and R(K). For any « in the valuation ring O, the image
of a under the canonical homomorphism #: 0, —R(K) is denoted by a”
and called its v-residue. We will denote the algebraic closure of a field K by
K. By the degree of an element a € K, we mean the degree of the extension
K(a)|K and denote it by deg a. We know that a valued field (K, v) is called
henselian if the valuation v admits a unique extension to K, or equivalently
to every algebraic extension of K. If (K, v) is a henselian valued field, we
denote the unique extension of v to K by #. The valuation on an algebraic
extension K’ of K is defined the restriction of ¥ to K’ and denoted again by
7. In this paper, unless otherwise stated, (K, v) is a henselian valued field.
In the study of field extensions in valuation theory, simple algebraic
extensions of prime degree hold a prominent position. We note, for example,
one case that for every (not necessarily henselian) valued field K with
char K =p >0, a Galois extension of degree p is an Artin-Schreier
extension which is a special kind of simple algebraic extensions of prime
degree. The aim of this paper is to present a classification of algebraic
elements of prime degree by using the concept of valuation basis. In this
classification, the notions of defectless extensions, distinguished pairs and
saturated distinguished chains of algebraic elements, and also a set ({7 (a —
a)|a € K} for an algebraic element «) corresponding to algebraic elements
over henselian valued fields are appeared. Let us briefly look at these
concepts and their relations.
Distinguished pairs and saturated distinguished chains first introduced by
Popescu and Zaharescu over local fields, i.e., complete discrete rank one
valued fields, to describe the set of all irreducible polynomials with
coefficients in such fields. These concepts which later have been generalized
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over valued fields of arbitrary rank are known as powerful research tools in
valuation theory. In the sequel, we present their descriptions (over valued
fields of arbitrary rank) and other related concepts used in the our main
result.
Let K(x) be a rational function field in an variable x. Alexandru, Popescu
and Zaharescu in the number of subsequent papers gave a complete
description of all extensions of valuations of K to K(x). For this, they used
the key concept of minimal pairs. A pair (a, ) belonging to K x G(K) is
said to be minimal (with respect to (K,v)) if whenever g € K satisfies
U(a—B) = §, then dega < deg . It is clear that when a € K, then («, §)
is a minimal pair for each § € G(K), and that for @ € K\K, (a,6) is
minimal if and only if & is strictly greater than each element of the set
M(a, K) defined by M(a, K) = {#(a — B)|B € K,deg B < deg a}. This led
to the invariant 6, (a) defined for those @ € K\K for which M(a, K) has an
upper bound in G(K) by &x(a) = sup M(a, K), which is called the main
invariant of «. In 1995, it was proved that if (K, v) is a local field, then for
each a € K\K, the set M(a,K) has maximum or otherwise & (a) €
M (a, K). This led to create the concepts of distinguished pairs and saturated
distinguished chains. A pair (a, 8) of elements of K is called a distinguished
pair (more precisely a (K, v)-distinguished pair) if the following three
conditions are satisfied: (i) dega > degp, (ii) ¥(a — B) = ok (), (iii) if y
belonging to K has degree less than that of g, then ¥(a —y) < ¥(a — B).
Distinguished pairs give rise to distinguished chains in a natural manner. A
chain @ = @y, ay, ..., a, of elements of K is said to be a saturated (complete)
distinguished chain for « if (a;, ;1) is a distinguished pair for 0 < i <r —
1 and «, € K. The number r is called the length of the chain for a.
When (K, v) is a local field, every a € K\K has a distinguished pair and a
saturated distinguished chain. However, unlike in the discrete rank one case,
there are instances when 8y (a) € G(K) but fails to belong to M(a, K). This
led to consider the question that how can one characterize those henselian
valued fields (K,v) for which each a € K\K, has a distinguished pair?
Aghigh and Khanduja solved this problem by using the concept of
defectlessness. Before presenting this result, we remark the concept of
defectless extensions. If (K,v) is a henselian valued field and K’ a finite
extension of K, the extension K'|K is called defectless whenever [K': K] =
[R(K):R(K)I[G(K"): G(K)]. Using this concept, Aghigh and Khanduja
proved that for a henselian valued field (K, v), the following two statement
are equivalent:

i. To each a € K\K, there corresponds 8 € K with degf < dega

such that 6, (a) = U(a — B).

ii. For each 6 € K, K(0)|K is a defectless extension.
They also proved that an element @ € K\K has a saturated distinguished
chain if and only if the extension K (a)|K is defectless.
Now consider a distinguished pair (a,8) for an element a € K\K. There
correspond the valued fields K(a) and K(B). There are some relations
between the corresponding value groups, residue fields, the defect of the
extensions K («)|K and K(B)|K, and between the degrees of the elements «
and g. Particularly, the degree of g divides the degree of a. We utilize this
result in the main theorem of this paper to show that a distinguished pair for
an algebraic element a of prime degree is always of length one. Moreover,
we use the concept of valuation basis defined as follows:
Let (K, v) be a henselian valued field. A set of nonzero elements {ay, ..., @, }




of an n-dimensional extension (K',v") of (K,v) is said to be a valuation
basis of (K',v")|(K,v) if for every choice of elements ¢; € K, 1 <i < n,
we have v' (3L, c;a;) = 1rzlii<r;l{v’(cioci)}.

We show that if K'|K is a defectless extension of degree a prime number p
and y € K' is such that either T(y) € G(K) or ¥(y) = 0 and the ¥-residue y*
of y not belonging to R(K), then the set {1,y, ...,y?~1} is a valuation basis
of K'|K. Using this result, it is also proved that for an algebraic element a €
K\K of prime degree, the following statements are equivalent: (i) The
extension K («)|K is defectless; (ii) @ has a (K, v)-distinguished pair; (iii)
has a (K,v)-saturated distinguished chain; (iv) the set {#(a — a)|la € K}
corresponding to a has a maximum element. In fact, we show that for an
algebraic element a of prime degree, every distinguished pair is a saturated
distinguished chain; and hence the length of the chain for « is always one.
Moreover, we employ the concept of the valuation basis for proving the
existence of maximum for the corresponding set {#(a — a)|a € K}.
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