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Introduction

Let G be a simple graph, V(G) and E(G) be its vertex set and edge set,
respectively. Then n = |V (G)] is called the order of G. By K,,, we denote the
complete graph of order n. The disjoint union of t complete graphs K, is
denoted by tK,. Also, K; ,, denotes the star graph of order n + 1. A cactus is
a connected graph in which no edge lies on more than one cycle. The cactus
graph with k edges and t cycles (triangles), depicted in Fig. 1, is denoted by
G, (G, is the star graph K; ;).
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Figure 1: The cactus graph G,

A simple graph G (underlying graph) with a sign function ¢ : E(G) — {—, +}
is called a signed graph and denoted by I" = (G, o). If all edges of I are
positive (resp. negative), then I' is denoted by (G,+) (resp. (G,—)). By
T'[X],we denote the subgraph induced by X, where X is a subset of V(T"). Let
(K, H™) be asigned complete graph whose negative edges induce a subgraph
H. If H is a disjoint union of two graphs H, and H,, then (K,,, H™) is denoted
by (K., H{ U H;). The characteristic polynomial of a matrix A is denoted by
@(A). We denote the adjacency matrix of a signed graph T" by A(T"). The
characteristic polynomial of A(T) is called the characteristic polynomial of T’
and is denoted by @(I',1). Also, the eigenvalues of A(I") are called the
eigenvalues of T". The largest eigenvalue of T" is called the index and denoted
by A,(T). There are many papers on the characteristic polynomials and
eigenvalues of signed graphs, for instance [3, 13, 14, 15].

In [2], the characteristic polynomial of (K,, Gy ) was computed. In [12], the
authors determined the characteristic polynomial of (K, G{). In this paper,
we study the characteristic polynomial of the signed complete graph
(K,, H™ U tK; ), where H is an arbitrary subgraph of K,,. As a corollary, we
find the characteristic polynomial of I' = (K,, G;) for every t =0, and
provide a sharp bound for the index of T




Characteristic polynomial
The matrix J, is all-one matrix of order s, and j; = (1, ...,1)T € RS.

Theorem 1. Let T = (K, H~ U tK; ) be a signed complete graph, where t >
1 and H is a subgraph of K,,. Then

P2 = G- D'A+3) g 20=3  Jn-ar ])

' 2tjn—2t A(Kn—ZtlH_)
Definition 3 [12]. Let I'=(K,,,0) be a signed graph and n=
{X1, . Xp, Xp 1, -, Xp g} e @ partition of V(I') such that all edges between
X; and X; have the same sign, for each i,j. Also, I'[X;] = (K, +) for i =
1,..,p,andT[X;] = (K,,—)fori=p+1,..,p + q,where |X;| = n, fori =
1,...,p + q. Obviously, N is an equitable partition of V(I'). The partition 1 is
called a special partition of V(I").

Theorem 4. Let T = (K, H~ U tK; ) be a signed complete graph, where t >
1 and H is a subgraph of K,,. Let N= {Xy, ..., Xp, X, 41, -, X, 4+4} be a special
partition of V(K,_p¢, H), my = X1_ n; and m, = X127, n;. If B is the
quotient matrix of A(T") related to {V (tK,)} U n, then

e[, = @A+ )™M PQ - 1)1} + 3) " Lp(B).

Corollary 5. Let ' = (K,,, H") be a signed complete graph, where H is a
subgraph of K,,. Let N= {X;, ..., X,, Xp41, .., Xp+4} D€ @ special partition of
V(Kn H™), my = X_ ny and my = 3720 n. If B is the quotient matrix of
A(I) related to 1, then

e =@+ 1™ P@A-1)""9(B).

Theorem 6. Let I' = (K,,, G ) be a signed complete graph, where G, is the

cactus graph with k edges and t > 1 cycles, depicted in Fig. 1. If u =

[V(K)\V(G,)| = 1, then

@A =QA+ D" 23QA - 1D'A+ 3 + (6 —n)A3 + (12 + 4t —
5n)A% + (10 + 8t — 7n + 4ku — 4tu)A + 3 + 4t — 3n + 12ku — 28tw).

Remark 9. By [1, Theorem 2] and [2, Lemma 3], Theorem 6 holds for u = 0
andt = 0.

A Sharp Bound for the Index
In this section, by using the Interlacing Theorem, we find a sharp lower bound
for the index of T = (K,,, G;) .

Theorem 11. Let T = (K,,, G; ) be a signed complete graph, where G, is the
cactus graph with k edges and t cycles, depicted in Fig. 1. Then

n—5+,(n+1)?—-16t < ,(D)

2
Moreover, if n = 4t and k = 3t, then A, (') = n — 3 and the equality holds.

Conclusion

In this paper, we investigated the characteristic polynomial of the signed
complete graph (K, H™ U tK; ), where H is an arbitrary subgraph of K,,.
Furthermore, the characteristic polynomial of I' = (K,,, G; ) is computed and




a sharp bound for the index of I is provided, where G, is the cactus graph
depicted in Fig. 1. In [12], the authors conjectured that among all signed
complete graphs of order n > 5 whose negative edges induce a cactus graph
with k edges and t cycles, the signed graph I' = (K,,, G; ) has the maximum
index. The findings related to T' provide a foundation for examining the
proposed conjecture.
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