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Introduction

Evaluation of production products is a process of necessity to check product
quality. One of the criteria for evaluating the quality of the manufactured
product is the quality characteristic of the process performance index, which
has recently been the focus of a number of researchers in statistical articles.
Usually, process performance indicators are used to check whether the product
quality has reached the desired level. In order for both the production of goods
to be economically profitable and to attract investors, it is generally necessary
that the quality of the goods exceeds the characteristic low limit. Recently,
process performance indicators have received much attention in statistical
articles. Process performance analysis has advantages such as continuous
monitoring of process quality through process performance indicators in order
to ensure that manufactured products conform to specifications, provide
information on product manufacturing process design and improve process
quality for engineers and designers, and reduce costs Product failure.

Tang et al. (2002) presented an unbiased estimator with minimum variance
uniformly for the exponential distribution., Hong et al. (2007) developed a
hypothesis testing method using maximum likelihood estimator of process
performance index for Pareto distribution under Type Il censored sample. Li
et al. (2009) obtained the maximum likelihood estimator of the process
performance index under Bohr type XII distribution based on type Il
incremental censoring sample. In another study, when the lifetime of the
products has a Weibull distribution. Lee (2010) presented an unbiased
estimator with the least variance uniformly for the performance index for the
gamma distribution with a known shape parameter and presented a hypothesis
testing method using this estimator. Lee (2011) made an inference on the
performance index based on the censored observations using the maximum p-
value method, in which case the inference on the process performance index
and the scale parameter are equivalent. The time problem becomes
complicated when the shape parameter is unknown. Ahmadi and Dostparast
(2021) discussed product lifetime performance index related to Pareto
distribution with Bayesian approach.

Material and Methods

In this article, the estimation of the process performance index is presented
using the gamma distribution. For estimation of parameters, we use moment,
maximum likelihood and interval shrinkage methods. To provide the interval
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shrinkage estimator, after proving the unbiasedness of the estimators, it is
asymptotically shown that the performance index estimator is also unbiased.
In the following, the efficiency of the estimators is compared using the square
error criterion and it is shown that the interval shrinkage estimator performs
better.

Results and discussion

To evaluate the estimators by using the Monte Carlo simulations and real data,
different estimators and their corresponding confidence intervals for different
sample sizes have been compared in three censoring schemes.

Conclusion
According to the simulation results, we can say:

e Asthe sample size increases, the average error power of all gamma
distribution estimator’s decreases.

e According to the mean squared error, the interval contraction
estimator performs better compared to the maximum likelihood and
torque estimators, while the maximum likelihood estimator
performs better compared to the torque estimator.

e With the increase of the sample size, the average error power of the
process  performance index estimator related to all estimators
decreases and the average square error associated with the interval
shrinkage estimator, which is one of the strengths of this article, is
lower than the average square error of other estimators.
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Estimation | 10 | 9.938338 | 0.721532 | 2.820077 | 10.23566 | 0.743096 | 2.860630 | 9.779250 | 0.715197 | 2.784321

MSE 10 | 8.633829 | 0.049076 | 0.131993 | 10.46947 | 0.059096 | 0.163104 | 0.912812 | 0.055798 | 0.107290
Estimation | 20 | 8.071743 | 0.581215 | 2.600229 | 8.227012 | 0.59266 | 2.621523 | 7.926569 | 0.588404 | 2.563636

MSE 20 | 1.148633 | 0.006596 | 0.020581 | 1.505559 | 0.008586 | 0.027144 | 0.600888 | 0.008513 | 0.01142
Estimation | 30 | 7.783458 | 0.557429 | 2.566685 | 7.902944 | 0.565966 | 2.583860 | 7.678379 | 0.563800 | 2.540179

MSE 30 | 0.613807 | 0.003298 | 0.012081 | 0.815308 | 0.004351 | 0.016152 | 0.449129 | 0.004333 | 0.006957
Estimation | 40 | 7.587788 | 0.54345 | 2.539082 | 7.661768 | 0.548752 | 2.549751 | 7.509488 | 0.547567 | 2.519841

MSE 40 | 0.345495 | 0.001888 | 0.006775 | 0.437937 | 0.002377 | 0.008646 | 0.304559 | 0.002371 | 0.003978
Estimation | 50 7.43592 | 0.533916 | 2.51794 | 7.502678 | 0.538761 | 2.527305 | 7.401820 | 0.538011 | 2.507417

MSE 50 | 0.190026 | 0.00115 | 0.003742 | 0.252685 | 0.001502 | 0.004975 | 0.201715 | 0.001501 | 0.002565
Estimation | 60 | 7.378643 | 0.528885 | 2.510574 | 7.445751 | 0.533803 | 2.520379 | 7.362872 | 0.533233 | 2.504014

MSE 60 | 0.143370 | 0.000834 | 0.002895 | 0.198694 | 0.001143 | 0.004046 | 0.165759 | 0.001141 | 0.002232
Estimation | 70 | 7.265084 | 0.519486 | 2.493267 | 7.328059 | 0.523967 | 2.502475 | 7.279476 | 0.523680 | 2.492822

MSE 70 | 0.070269 | 0.000380 | 0.001332 | 0.107623 | 0.000574 | 0.002089 | 0.097165 | 0.000574 | 0.001300
Estimation | 80 | 7.261994 | 0.520514 | 2.493923 | 7.305740 | 0.523654 | 2.500299 | 7.262997 | 0.523374 | 2.491825

MSE 80 | 0.068641 | 0.000421 | 0.00138 | 0.093477 | 0.000560 | 0.001895 | 0.085486 | 0.000559 | 0.001229
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Estimation | 10 | 9.994442 | 0.731234 | 3.046892 | 10.22989 | 0.748744 | 3.081444 | 9.773624 | 0.71961 | 3.002090

MSE 10 | 8.966682 | 0.053469 | 0.168584 | 10.43217 | 0.061873 | 0.198151 | 0.912528 | 0.058268 | 0.133801
Estimation | 20 | 8.239664 | 0.594465 | 2.818508 | 8.401524 | 0.606049 | 2.842966 | 8.070200 | 0.600488 | 2.78226

MSE 20 | 1.536767 | 0.008924 | 0.033199 | 1.964270 | 0.011246 | 0.042701 | 0.662649 | 0.011121 | 0.021304
Estimation | 30 | 7.843334 | 0.562514 | 2.766161 | 7.948054 | 0.570007 | 2.782510 | 7.711377 | 0.567569 | 2.738848

MSE 30 | 0.711212 | 0.003908 | 0.016863 | 0.898805 | 0.004901 | 0.021377 | 0.473353 | 0.004877 | 0.010516
Estimation | 40 | 7.476616 | 0.534827 | 2.707388 | 7.543873 | 0.539663 | 2.717896 | 7.429736 | 0.538878 | 2.696534

MSE 40 | 0.227163 | 0.001213 | 0.005053 | 0.295798 | 0.001573 | 0.006658 | 0.228275 | 0.001571 | 0.003628
Estimation | 50 | 7.313882 | 0.522815 | 2.681177 | 7.415867 | 0.530227 | 2.698187 | 7.342144 | 0.529771 | 2.684343

MSE 50 | 0.098522 | 0.000521 | 0.002014 | 0.172945 | 0.000914 | 0.00383 | 0.147445 | 0.000913 | 0.002308
Estimation | 60 | 7.398917 | 0.531014 | 2.699538 | 7.474717 | 0.536417 | 2.711993 | 7.382761 | 0.535755 | 2.694842

MSE 60 | 0.159135 | 0.000962 | 0.003999 | 0.225356 | 0.001326 | 0.005729 | 0.183911 | 0.001324 | 0.003427
Estimation | 70 | 7.260416 | 0.519827 | 2.676262 | 7.312973 | 0.523571 | 2.684330 | 7.268366 | 0.523293 | 2.675949

MSE 70 | 0.067817 | 0.000393 | 0.001597 | 0.097952 | 0.000556 | 0.002307 | 0.089213 | 0.000555 | 0.001572
Estimation | 80 | 7.275901 | 0.521793 | 2.679032 | 7.293547 | 0.523111 | 2.680776 | 7.25388 | 0.522844 | 2.673316

MSE 80 | 0.076121 | 0.000475 | 0.001826 | 0.08617 | 0.000534 | 0.001978 | 0.079334 | 0.000534 | 0.001370
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Estimation | 10 | 0.653627 | 10.68553 | 0.146395 | 0.874953 | 14.35541 | 0.165655 | 0.813322 | 13.86339 | 0.127076

MSE 10 | 0.023601 | 17.51863 | 0.010220 | 0.140589 | 61.7075 | 0.006697 | 0.123260 | 0.984053 | 0.014499
Estimation | 20 | 0.567907 | 8.149369 | 0.211859 | 0.697673 | 9.988116 | 0.233023 | 0.678870 | 9.52609 | 0.242083

MSE 20 | 0.004611 | 2.720419 | 0.001269 | 0.039074 | 12.16695 | 0.000209 | 0.037605 | 0.924052 | 2.92E-05
Estimation | 30 | 0.535695 | 7.519881 | 0.217258 | 0.631833 | 8.858525 | 0.233654 | 0.623292 | 8.434713 | 0.252156

MSE 30 | 0.001274 | 1.040157 | 0.000914 | 0.01738 | 5.562638 | 0.000191 | 0.017083 | 0.847622 | 2.18E-05
Estimation | 40 | 0.531463 | 7.304846 | 0.226826 | 0.597455 | 8.22104 | 0.238366 | 0.592751 | 7.847240 | 0.258255

MSE 40 | 0.000990 | 0.647777 | 0.000427 | 0.009497 | 2.961979 | 8.32E-05 | 0.009408 | 0.747601 | 0.000116
Estimation | 50 | 0.520706 | 7.018125 | 0.234586 | 0.577241 | 7.776183 | 0.245397 | 0.574276 | 7.466395 | 0.263120

MSE 50 | 0.000429 | 0.268453 | 0.000166 | 0.005966 | 1.628643 | 4.37E-06 | 0.005931 | 0.619576 | 0.000244
Estimation | 60 | 0.51654 | 6.964369 | 0.233738 | 0.56365 | 7.611613 | 0.242132 | 0.561632 | 7.335258 | 0.258775

MSE 60 | 0.000274 | 0.215639 | 0.000189 | 0.004051 | 1.235682 | 2.87E-05 | 0.004035 | 0.552709 | 0.000127
Estimation | 70 | 0.517277 | 6.98015 | 0.233619 | 0.557694 | 7.515589 | 0.241491 | 0.556035 | 7.261722 | 0.257041

MSE 70 | 0.000298 | 0.230544 | 0.000192 | 0.003329 | 1.031420 | 2.60E-05 | 0.003318 | 0.507734 | 9.13E-05
Estimation | 80 | 0.514906 | 6.919280 | 0.235201 | 0.554173 | 7.449538 | 0.242711 | 0.55271 | 7.212472 | 0.251323

MSE 80 | 0.000222 | 0.175796 | 0.000151 | 0.002935 | 0.901623 | 2.28E-05 | 0.002926 | 0.474133 | 9.67E-05
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Estimation 10 9.290215 0.726140 2.939012 9.43987 0.737712 2.958901 8.991722 0.710970 2.877419
MSE 10 7.785299 0.051139 0.159447 8.642833 0.056507 0.175726 0.896296 0.053485 0.114051
Estimation 20 7.593902 0.588349 2.708601 7.766453 0.601762 2.736486 7.458472 0.596637 2.677998
MSE 20 1.196622 0.007806 0.028526 1.603902 0.010356 0.038723 0.615961 0.010249 0.019125
Estimation 30 7.098969 0.548315 2.630203 7.236312 0.55928 2.652968 7.060533 0.557529 2.618984
MSE 30 0.358764 0.002334 0.008190 0.542155 0.003514 0.012829 0.351557 0.003502 0.006285
Estimation 40 6.952473 0.537368 2.609677 6.996634 0.540764 2.615238 6.89771 0.539934 2.595982
MSE 40 0.204732 0.001396 0.004896 0.246645 0.001662 0.005705 0.197847 0.001659 0.003167
Estimation 50 6.910869 0.532728 2.605452 6.948456 0.535400 2.609995 6.864737 0.534774 2.593720
MSE 50 0.168813 0.001071 0.004323 0.201113 0.001253 0.004941 0.167439 0.001252 0.002918
Estimation 60 6.861532 0.528361 2.598192 6.928637 0.533455 2.608808 6.851031 0.532896 2.593750
MSE 60 0.130705 0.000804 0.003421 0.183730 0.001119 0.004775 0.155213 0.001118 0.002921
Estimation 70 6.743744 0.521041 2.577978 6.79616 0.525143 2.586342 6.755841 0.524827 2.578478
MSE 70 0.059411 0.000443 0.001465 0.087711 0.000632 0.002175 0.080638 0.000632 0.001303
Estimation 80 6.725022 0.519459 2.575179 6.770317 0.522956 2.582018 6.736269 0.522692 2.575371
MSE 80 0.050635 0.000379 0.001258 0.073071 0.000527 0.001791 0.068095 0.000527 0.001210
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