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Introduction
Throughout this article, R denotes an associative ring with unity. A derivation
over R isan additivemap § : R — R suchthat §(ab) = 6(a)b + ad(b),
for each a,b € R. We denote by R[x; 8] the ring of differential polynomial
ring, whose elements are the polynomials over R, the addition is defined as
usual, and the multiplication subject to the relation xa = ax + &(a), for each
a € R. The set of all nilpotent elements of R is denoted by nil(R). Recall
that a ring R is called reduced if nil(R) = 0. Aring R is called reversible if
ab = 0 implies ba= 0, for all a,b€ R; a ring R has IFP (or is
semicommutative) if ab = 0 implies aRb = 0, forall a,b € R.Aring R is
called 2-primal provided P(R) = nil(R), where P(R) is the prime radical of
R. According to Kim et al. [7], a ring R has quasi-IFP provided that
™, Ra;R is nilpotent whenever Y™, a;x* is nilpotent. They showed that, a
ring R has quasi-IFP if and only if N, (R) = nil(R), where Ny(R) is the
Wedderburn radical of R. They also obtained that every ring with quasi-1FP is
2-primal, and rings with IFP have quasi-I1FP property. In general, each of these
implications is irreversible.

reversible rings = semicommutative rings = rings with quasi-IFP =
2-primal rings.

According to Krempa [8], an endomorphism « of a ring R is called rigid if
aa(a) = 0implies a = 0 fora € R. Aring R is a-rigid if there exists a
rigid endomorphism « of R. Note that any rigid endomorphism of a ring is a
monomorphism and a-rigid rings are reduced. Hashemi and the Moussavi [8],
generalized a-rigid rings to a-compatible rings. According to [6], ring R is
said to be a-compatible if for each a,b € R,ab = 0 & aa(b) = 0.
Moreover, R is called o-compatible if for each a,b € R,ab = 0 =
ad(b) = 0.IfRisbot a-compatible and o-compatible, then R is said to be
(a, 0)-compatible. By [6], a ring R is o-rigid if and only if R is (a, J)-
compatible and reduced.

For a ring R and a right R-module Mg, denoted 1zx(M)=
{R € R| mR = 0} the set of right annihilators of M. A module My is said to
be prime if My # 0 and rg (M) = 1z (N), for every non-zero submodule N of
M. If M is a right R-module, an ideal P of R is called an associated prime of
My, if there exists a prime submodule N of M suchthat P = rz(N). The set
of associated primes of My is denoted by Ass(Mg). It is shown that for a
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commutative ring R, the associated primes ideals of the polynomial ring R[x]
are P[x], where P € Ass(R). Annin [1], extended the result above to the
noncommutative setting of Ore extensions.

By Ouyang [14], for a subset X of a ring R, NIx(X) = {a € R| ax €
nil(R), for all x € X} and Nrx(X) = {a € R| xa € nil(R), for all x € X}
are called the left weak annihilator and the right weak annihilator of X in R,
respectively. By Ouyang et al. [14], a right ideal I of a non-zero ring R, is
called a right weak-prime ideal if I € nil(R) and Nrz(l) = Nrgx(J) for every
rightideal J < l and J € nil(R). An ideal P of R is called a weak associated
prime of R if there exists a right weak-prime ideal | such that P = Nrx(l) . The
set weak associated primes of R is denoted by NAss(R). They described all
weak associated primes of the skew polynomial ring R[x; a, 8] in terms of the
weak associated primes of R. In fact they proved that, if R is a reversible and
o-compatible ring, then NAss (R[x; 8]) = {P[x; 8] | P € NAss (R)}.

In this paper we introduce the notion of nil 5-weakly rigid rings which is a
generalization of reduced rings and J-compatible rings. We extend the results
of [14] to the more general situation. The main result of the present paper says
that when R is nil 5-weakly rigid and quasi-IFP, the NAss(R[x;6]) =
{P[x; 6]| P € NAss(R)}. Note that the notions nil §-weakly rigid and quasi-
IFP can be transfer to T,(R) but this is not true for J-compatibility and
reversibility property.
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W el o (Tgaix) o oa s alb lalaz 5 o clples a;, 6% (ay,) .. 6%(a;, ) = 0

e lsizsy & paie 2o aixt € R[x, 6]

aS ek an o)l dgrg b atle e mx o sace oLST f(x) € NIl(R[x, 6]) o5 53 J>
o SOF = (ag + arx + -+ apx™k =0
0= (f()" = 25 ar ol Sdbr + a2
Ay € NIL(R) a5 o5 A =0 ol
wS ol 0= ol 87 (ay) € MUL(R) s o a3 Y ise 0V o) 5l eslinal L Js
Q=ay+a;x+ +a,_x"?!
Syzo ol o
0= (f()" = (@ +anx™* = (Q +@x™(Q + ayx™ - (Q + ayx™) =
(Q% + Qapx™ + apx™Q + ayx™apx™(Q + apx™) -+ (Q + a,x™) = Q¥ + A.
1Wasb e R 51 JowI nil(R) e cw! 8 (ap) b ap sl o culyo a5 sl R[x, 6] 5l ggae A as

m.a; ENIl(R) 0 < i <N ,»glp g oo doms ol opl aslsl b .@p_q € NIl(R)
il obulr o 4 5 aand o § sy R dil> 05 (5,8 Fanal

0<j ,»4l,adl (b) €nil(R) o&Tab € nil(R) 3 (V)
0<i,ql,64a)b € nil(R) Jsiab € nil(R) 51 (v)
0<j,imcyadi(b)s’ (c) €nil(R) o&Tabc € nil(R) 51 (v)

oy
e s fg Enil(R[x,6]) mylo f =Db, g=ax 3,5 L wboKTab € nil(R) oS 5,5 :()



o oyl glalor iz slodils s diuvly ‘_;[ﬁJfadg/tho

ad(b),abx € 14 nil(R[x,8]) = nil(R)[x,6] ¥ J « k..gf = ad(b) + abx € nil(R[x,5])
9f = lple s fg ENIl(R[X,8]) w o o T .f =8(b), g =ax o5 53 Js nil(R)
ad’ (b) € w)ls 9ss, ol aselsl Ly .a8? (b) € nil(R) 10 ad? (b) + ad(b)x € nil(R[x; @, §])
0= el nil(R)
el Y eV o a o oKTab € nil(R) asS 5,8 (Y)

&6(ab) = §(a)b + ad(b) € nil(R)
S(a)b €nil(R) W0 <j ,» slpad! (b) € nil(R) (V) a g cwl R ail> 51 Jlow| NIl(R) 9>
oo ¥ Gise ¥ o 4 e . 8(a)8(b) € nil(R) axyls (1) o 3l soliwl b o bgs

5(8(a)b) = 8% ()b + 6(a)5(b) € nil(R)
Sl a2 (a)b € nil(R) sss oo 45 6(@)8(h) € Nil(R) 5 el R ail> 3| Jowsl NIL(R) o>

&l 67 (c)ab € nil(R) 13 5 abd’ (¢) € nil(R) p s (V) oy & Ly olS5Tabc € Nil(R) wS 555 (V)
adt(h)s’ (c) € 1W 0 < i,j o lp 67 (c)ast (b) € nil(R) asyls (V) oy 5l oslizul L O < o

mO0<ij,»sl,nil(R)

S) =TMoaixt 5o sl obeils asar b5 cia 5o 8 gy R ails o5 5,5 .0 o

W5yl 5 8)lse o T ansl R, 6] 51 s pobie h(x) = Xjmg cx™ 5 g(x) = Y=o bjx’

0<j<n;0<i<m ,»slya;b; €nil(R) 31ks 4 31 f(x)g(x) € nil(R[x, 6]) )

0<j<.0<i<m pglpabjc €nil(R) 5 4z 5 f(x)g(x)c € nil(R[x, 6]) )
CER4n

0<.0<i<m ,»glpabjcg €nil(R) 51z 5,5 f(x)g(x)h(x) € nil(R[x, 6]) M)

0<k<t,j<n

a5 f(0g () € nil(R[x,8]) w5 23 (€) () sglay

f@g@) = (i aixl’> Z b | = mz (Zk (i ©) aisi-S(bt))) x*
i=0 j=0 k=0 i=s

r(,,)la\“wj)loobm,lboliflOStSns()SSSmn\S@b

Apyyn= aymby, € nil(R) m

Apin-1= Ambp_1 + Xitim_4 (m l_ 1) a;8"™*1(p,,) € nil(R) ™)
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i i— { -
Am+n—2= Z?:lm—z (m _ 2) ai(gl m2 (bn) = ?im—l (m _ 1) ai(sl mH (bn—l) + ambn—z €
nil(R) (v)

A= Ysse=k <Zyis (;) a;6"F (bt)> € nil(R) )

D<iSm p slp poso s Jo bpay € Nil(R) axss ,o Gpby € NIl(R) o)l (V) akal, ;)
ST oS w0 Dy 50 i Ceon 3 1, (V) 4k, S1.a; by, € Nil(R)
am—lbn = bnAm+n—1 - (bnambn—l + mbnamS(bn)) € Tlil(R)

abal, S A _1by € NIl(R) s bpap_1 € Nil(R) \V s byaym_1by € NIl(R) wul Jloos NIl(R) 5>
:r"".’.)b Mu}o& le IO e g.,\.o.w)‘ ‘) (YJ)

-1 m

bnam-—2bn = bpbiin-2 — (z _ 2) bpam-16(by) — (m _ 2) br 0, 6 (by)
- bnam—lbn—l -
m
(m _ 1) bnam6(bn—1) — bnambn -
m—1
= bpbmin_2 — (m _ 2) (bnm-1)8(by) —
m

(o 5) Bum)6* () = buam-1bas = (," 1) Bua)d

— (b)) by
€ nil(R)
s N,y o1l aebl b b p_n € NIL(R) 5 Q_zby € NIL(R) by cul R 51 Jloy! o El(R) o5
50 <5 8 ¢l a;0%°(by) € NIl(R) f awa s jlsolicw 1L .aihy ENIL(R) 0 SIS M o glpogs o
el 0<is<m

(ag + ayx + -+ apx™)(bg + byx + +++ + by_1x™ 1)

2 (2 0w

Ag + Ayx + -+ Ay x™ 1 € nil(R[x, 8])
s0<iSm ol aihy € NIL(R) 1oyl gy cpl aalol b @iby_q € NIL(R) o )ls Y gy 4L ie
0<j<n
a;0t(b;) € s Faab yLolKT0<j<N,0<i<m »l,yah €nil(R) oss 55 ()

:w.l)logp.wlR d.al:>)|k;—‘o\.b|nll(R) uyOStSO S]Sﬂ. 50 Slsm).fb‘_gb.;nll(R)
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f)glx) = Z (ZHt-k (Z (;) ai6i_s(bt))> x* € nil(R)[x, 5]
k=0 " \i=

F()g () € nil(R[x, 81) 555 o amess il (R)[x, 8] = nil (R[x, 81) 5
() ax jlesliul b cf (X)g(x) € nilR[x, 8]) o1 f (x)g(x)c € nil(R[x, 8]) a5 5,5 (<) M
s0<is<m o glpabc€Enil(R)IW 0<Sj<n,0<i<m » qlycab; € nil(R) o)
0<j<n
&'y caib; Enil(R) K1 0<j<n 0<i<m o qlyabjc €nil(R) o5 o J> ()
ax 5,0 5 Cf (X)g(x) €ENIl(R[X,6]) po Mo lu 0t 0<j<n;0<i<m »
f(x)g(x)c € nil(R[x, 5])

W oogs oo ol alie gy Lo (V) 5 (V) sl a5l oslasal L (Y)

f°'.’.)“> ‘U c R ds}o.m).!))m 6‘)) olfuT A_...JL: ‘SsL?ub ‘g.a.) 4..\_..» 9 w ul_.o— 6 Cﬁ.:R asl> J...J UDJ.B .; p-‘
-N[x,5](U[xr 6]) = NR(U)[X, 6]

o)l ez e ogly O o a4 L Ng(U)[x, 6] € Ny sy (U, 8]) o)l zsos 4 by
dgsds Glabezar 2 dly s f(X) =aptagx 4+ apx™ € Ny sj(Ulx, 6])
» sy aib; € nil(R) 31 Ly 51 f(x)g(x) € nil(R[x,6]) g(x) = by + byx + ==+ + bypx™
axs aS f(x) ENg(U)[x,8] W 0<i<n »slpa; ENrg(U) ol 0<j<m,;0<i<n

B N 51(U[x, 6]) = Np(U)[x, 8] ol e Niy, 51 (U[x, 8]) S Np(U)[x, 6] wos s

s mx) =mg+mx+ -+ mxk 4o+ mpx™ € nil(R[x,8]) 5 G
A<k o ly 5 cal g dind ol ol alex wi> o M(X) (s oST Ndeg(m(x)) =k
. Ng(m;) = Ng(my)

slbzaix o gly oST il obules s g dhxo cdo- 0 gz R ail> oS 58 A oylF
S)ls sszs T ER wiile cgae m(x) =mg +myx + -+ mux® + - + myx™ € nil(R[x, 5])
el g grd jshay (sl ez sz S MO)T oSy sk

Ndeg(f(x)) <k Lysb fx) asle ol dex iz 2 @l S o8 Ndeg s, Gl ooy Liglay
dezais oS 58 b el gt ixs ol 6l dlex wix S f(X)T 4G sk 8 )ls 3925 7 € Russle ggae
Ndeg(m(x)) =k =1 L m(x) = mg + myx + - + myx® + -+ mpx™ € nil(R[x,8])
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aozraiz o 5 M(X) 1 Cans o5 hard s slalor aiz SEMOO)T T E R o (6l 45 pok ansl 39250
aile spae lply Np(my) E Np(My) o5 ol sgzge l <K oms sue plpls ons 093 i j5ka 6l
J= »ulpWNdeg(m(x)) = k =1 5> myb € nil(R) Lim;b & nil(R) o cusl s5>50 b € R
LJ>.mib € nil(R) w15 j =k » &lp 1 el R ail> 5l Jlowyl NEL(R) 52 M € NIl(R) )5 k
Glaloz iz pbk oo a0 MiEH(D) € NIL(R) ot 21 2 slpg j =k jo ol F a5l oolin

sz phS coye S Zh+ 1 p ln Bkl el NIL(R) & glae Xy (llc) m8 K (b) i m(x)b
mib & o5 .ok — 1 zSl> Ndeg(m(x)) ells m(x)b 13 el nil (R) & gl 55 m(X)b slabos
k—1 ;50> Ndeg(m(x)) shls m(x)b 9> m(x)b & nil(R[x,6]) & o 4 L axs 0 nil(R)
ol g Sl 053 s ol 6l dler wiz G MX)DC 4S5 5k 5 ))s 3525 € € R wiile sgae (58 3ok cun

B oCas 0o s ok ol dlex i SEM(X)T 7 ER o (lp a8 (5,8 cnlbsyls a8ls

ST il sbuls o ad g ns o 0 g R ail> 0uS (5,8 4 oyl
.NAss(R[x,8]) = {P[x,5]| PeNAss(R)}

oS o8 ysbte cpl lp  NAss(R[x,6]) 2 {P[x, 8]| PENAsS(R)} s o olid laml .oy
oo lis SI.NR(I) = P g1 € Nil(R) o5 cul 09290 R 51T asile iul,y JT ol &)9an) ;o PENASs(R)
el plas D31 ST sl Jg-P[x, 6] Jlosl 3 I[x, 8] § Ny, 57(I[x, 6]) = P[x, 8]

S 1[6,6] s olts wl Jlo Neps U 8]) = Ne(D[x, 8] = P[x,6] w)ls & o & L
X o lsams o 9] € Nil(R) 10 el Jg-P Jlossl o I o9 el Jo-Px, 6]

I[x,6] € Nil(R)[x, 8] = Nil(R[x, &]).

5 QA € Nil(R)[x, 6] cul, Jlows] 1o (sl pus oylis cansdlS ail Jg-P[x, 6] Jlos! G I[x, 8] oSl 1y
oLl sl Nrpx,s)(Q) 2 Nepr,s)(I[%,6]) 2553 Niprs1(Q) = Nepes)(U[x, 6]) o)l @ € I[x, 6]
Soganl s R(x) = Ry + hyx 4 -+ hx¥eNgpe 57(Q) 05 25 Napes1 () S Nepsy (U[x, 6])
0< ,o4lp WO<Si<k ,»4lpCoh; €Nil(R[x,6]) 4= 0 3 Qh(x) € Nil(R[x,6]) o)l
5 JET mlsCq I sz ool C lawg oo 0y R 51 el JTowsl ] a5 Jhy € Nil(R) w)lo i < k
Ne (Cq) = Na() =130 el J3-R Jlos) 1 5 Co & Nil(R) ¥ o 421 Q & Nil(R)[x,6] 15
Nipes1(Q) S aass ams o5 h(x) €EP[x,6] 10 0<i<k ,» ol hiePass s anss o« P
b sshaie ol sl - NAss(R[x, 8]) € {P[x, 6]| PENASS(R)} oo olis Jl> Nppys1(I[x, 6])
22 Nepes](T) = Q o5 el 59250 T aiile JsHR[X, 6] Jlowyl &jansl 10 @ € NAss(R[x, 6]) oS
Syshar 0l T 5l gpae M(X) 05
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m(x) = mg + myx + -+ mpx* + - + m,x™ & nil(R[x, 5]).
4 o Ndeg(m(x) = kL ogs duns sl ol alor wiz S MX) 035 253 ailyioon &3l 5
lpte m(x) € nil(R[x, 8]) 1,3 To € nil(R[x,6]) o&1.Ty = m(x)R[x, 5] oS
NR[x,(S] (To) = NR[x,(S] (M=0

Nr(mgR) = o5 o> Q = UR[x, 8] o5 ols ol ol oo o), a0 ool JoR [, 8] cenly JT oyl T 9>
U

my € nil(R) 15; MR € Nil(R) zgo5 cund Jg-R o, Jlos] S MR &5 (S o leol >
oo e Ng(MyR) = Ng(L) o5 oS o leol. L € MyR a5 0 5 o,k o, L & Nil(R) ol JTows!
&I W ={m@)r|r €L} o5 5,5 Ng(mgR) 2 Ng(L) <3l sls Ng(mgR) S Ng(L)
MA@ & oSoyoky @ ER s)ls 0555 W L E MR 3 L & Nil(R) o> m(x)WR[x,5] S R[x, 6]
el oplpl m(x)mga € Nil(R[x,8]) axx 0 3 mymya € Nil(R)IJ mya € L 4 Nil(R)
WRI[x, 8] € Nil(R)[x, 5]

S Npixsi](WR[x, 8]) = Nppxsi(m(X)R[x,8]) = Q <l JshR[x,8] cusl, JT oyl Tipsz
m)If(x)b € s f(x) ER[x,6] ;2 &Iy ol sl EL a5l lb € Nil(R) o%51b € Ni(L)
sy (EmEOLfG)b € NilR[x,6]) ws EmELfi(x) » ol 18 Nil(R[x,6])
IV Ng(myR) 2 Ng(L) (plpls b € Ne(mMgR) o)ls axmzs o b € Ngpes)(WR[x,6]) = Q

el Jg-R el Jlosl o MER ass o olis a5 Np(myiR) = Ni(L)

o1 sl R adl> g9, olgsds itie § g cialS R dil> osS 5,8 ) dzis
.Ass(R[x,6]) = {P[x, 6]| PeAss(R)}.
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