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Introduction

The category theory gives a common perspective on many notions
(such as isomorphism) in different areas of Mathematics, and in some
cases enables us to construct bridges between different branches such that
tools can be taken from one area to the other. The notion of a functor plays
this role. Specifically, if a functor is an equivalence of categories then its
domain and codomain categories are essentially the same. However,
finding such a functor is very difficult and usually impossible. There are
still many functors which are not equivalences of categories but preserve
the isomorphism classes, and are suitable for the purpose of classification
of certain mathematical objects (such as separable C*-algebras). These
were defined by G. A. Elliott in 2010 and are called classification functors.
The main property of such functors is that two objects in the domain
category are isomorphic if and only if their images are isomorphic in the
codomain category. In particular, if the domain is a complicated category
and the codomain is concrete, then such a functor is very useful. As an
example, the functor Kj is a classification functor from the category of AF
algebras to the category of dimension groups (by the Elliott classification
theorem in 1976).

In this paper, we construct various classification functors between the
categories of Bratteli diagrams, dimension groups, AF algebras, and
Cantor minimal systems. Some other functors were constructed by Amini,
Elliott, and the author in two papers published in 2015 and 2021, and were
used to solve an open problem in Dynamical Systems about the finiteness
of the rank of factors of finite rank Cantor minimal systems. See the

author’s joint work with M. Hosseini in 2021 for details.
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Material and methods

We use the notion of direct limit to construct a functor from the
category of Bratteli diagrams to the category of dimension groups. In this
way, we obtain an equivalence of categories. Then we use crossed product
C*-algebras to obtain a functor from the category of Cantor minimal
systems to that of AF algebras. Finally, notions of Ko-groups of Cantor
systems and their coboundries are applied to obtain functors into the
category of dimension groups.

Results and discussion

We obtain a direct limit functor from the category of Bratteli diagrams
to the category of dimension groups, which is an equivalence of categories
and hence a classification functor. Suitable notions of morphisms between
Cantor minimal systems are defined such that the isomorphism coincide
with orbit and strong orbit equivalence. Then two classification functors
are obtained from the category of Cantor minimal systems to the category
of dimension groups. These classification functors are useful in the study
of properties of objects and morphisms of the domain categories using
those of the codomain categories.

Conclusion
The following conclusions were drawn from this research.

e The categories of Bratteli diagrams and dimension groups are
equivalent, and hence there is a classification functor between
them. So, these categories are the same from the categorical point
of view.

e There is a suitable notion of morphism between Cantor minimal
systems such that the resulting isomorphism is the same as orbit
equivalence.

e A functorial formulation of a result of Giordano, Putnam, and
Skau concerning strong orbit equivalence of Cantor minimal
systems is obtained using the idea of classification functors.
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