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Introduction

In this paper, the application of Genocchi hybrid functions in solving a
class of fractional optimal control problems including the initial or
boundary conditions of the state variable with different cases of fractional
derivative order, is presented. For this purpose, first, the importance of
fractional calculus, definitions, and required properties are stated. Then,
hybrid functions containing a Combination of Genocchi polynomials with
basis Block-pulse functions are introduced. Using the properties of these
functions, the two Genocchi hybrid functions fractional operators,
including the left Riemann-Liouville fractional integral operator and the
left Caputo fractional derivative operator, have been calculated directly
and without any approximation. In the following, the direct methods for
solving the fractional optimal control problem are expressed. In these
methods, calculating the control variable in terms of the state variable,
estimating the state variable based on Genocchi hybrid functions,
Riemann-Liouville fractional integral operator, and the Legendre-
Gaussian formula are used to convert the fractional optimal control
problem to the system of algebraic equations. From solving the resulted
system, the unknown coefficients of the state variable and consequently
the control variable are obtained. In addition, Caputo fractional derivative
operator and Lagrange multipliers are used to solve the fractional optimal
control problems, including the final fixed boundary points. The error
bounds of the function approximation and the fractional operators are
calculated. Also, the convergence analysis is presented. Finally, the
efficiency and effectiveness of the proposed methods are illustrated by
solving some numerical examples, and the obtained results are compared
with those reported in related articles.

Introduction

The various control theories with rich mathematical backgrounds have
been widely used in different branches of science, such as spacecraft
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systems, industrial production processes, rocket guidance, and medical
applications. On the other hand, optimization is designed to make good
use of available resources; therefore, the goal of optimal control is to
determine the control signal that makes a process apply in some
constraints and at the same time optimizes (minimum or maximum) a
performance index. Since optimal control problems occur in many
phenomena, it will be useful to use simple and efficient methods to solve
such problems. In recent years, there has been significant growth in the
expansion and application of fractional calculus. Indeed fractional-order
calculus provides more accurate and better models for physical and
engineering systems than integer-order calculus. For example, the wave
diffusion equations, electrochemistry, gas diffusion process, heat transfer,
biomechanics, and telecommunications represent some applications of
fractional-order derivatives. Also, in 2020, with the onset of the
coronavirus epidemic, for scientific investigation, issues related to the
Covid virus 19; the role of using the mask in prevention, lockdown, and
vaccination are modeled by fractional-order derivatives. An optimal
control problem in which the performance index or differential equations
within the constraint system, contain at least one sentence with a
fractional-order derivative, is called the fractional optimal control
problem. In general, numerical methods to solve optimal control problems
are divided into two categories including indirect and direct methods. The
indirect methods are based on finding a solution from the necessary
optimality conditions, resulted from the calculus of variation and the
Pontryagin’s minimum principle. These methods lead to a two-point
boundary value problem, which can be solved by the well-known
numerical methods. Direct methods are according to the discretization of
control or state variables and transforming the given problem into a
nonlinear optimization problem. In this work, we combine Genocchi
polynomials with Block-Pulse functions on the interval [0, 1]. Then, we
use these basis functions for finding an approximate solution of the
integer-fractional optimal control problems in the form of direct methods
by using Genocchi hybrid functions fractional operators. The fractional
optimal control problem in three different cases containing the fractional-
order derivative and the initial or boundary conditions are discussed.

Material and methods

In this paper, the exact formula for the Riemann-Liouville fractional
integral operator and Caputo fractional derivative operator for the hybrid
functions is derived by Laplace transform and fractional calculus
properties. We consider three models of fractional optimal control
problem due to the fractional derivative order and boundary conditions of
the state variable. To solve this problem, in the first case, we approximate
the fractional derivative of the state variable in terms of Genocchi hybrid
functions. Then using the Riemann-Liouville fractional integral operator,
we calculate the state variable and its derivatives with unknown
coefficients based on Genocchi hybrid functions using the initial
conditions of the problem and the properties of the fractional calculus.
Next, we obtain the control variable in terms of the state variable and its
derivatives from the constraint equation. By replacing the resulted
approximations in the performance index, an unconstrained optimization
problem is obtained. Finally, using the Legendre-Gaussian integration and
applying the necessary optimality conditions, a system of algebraic
equations is derived, from the solution of which unknown coefficients are
obtained. In the second case, we approximate the integer derivative of the
state variable in terms of Genocchi hybrid functions and repeat the other
steps. For the third case, another direct method based on Caputo fractional
derivative operator and Lagrange multipliers is introduced. Also, the error




estimates for the hybrid functions and fractional operators are obtained.
The convergence of the direct method in solving the fractional optimal
control problems is generally investigated.

Results and discussion

We solve some test problems by using present methods to demonstrate the
efficiency, accuracy and the simplicity of the proposed methods. The first
example, which is an initial value problem, is solved by the Riemann-
Liouville fractional integral operator method. In the second example, the
problem involves a state variable with the initial and final boundary
points, the Caputo fractional derivative operator method is used. In the
third example, the Riemann-Liouville fractional integral operator method
is used with initial state approximation.

Also, we compare our numerical results with shifted orthonormal Jacobi
polynomials method, Homotopy perturbation method, Variational
iteration method, direct method based on the Clenshaw-Curtis formula,
Taylor polynomials method, spectral method based on the second kind
Chebyshev polynomials, operational matrix based on Boubaker wavelet,
Bernoulli hybrid functions. The comparison shows the more accuracy of
proposed methods in comparison with mentioned methods.

Conclusion
The following results are obtained from this research.

e Genocchi hybrid functions are simple basis functions to
approximate the unknown functions. Also, hybrid functions are
a powerful mathematical tool to obtain the numerical solution of
various kinds of fractional optimal control problems.

e The main characteristic of proposed direct method is that it
reduces fractional optimal control problems to a system of
algebraic equations by using Genocchi hybrid functions
fractional operators.

e We show that if the number of basis hybrid functions is
increased, the approximation functions in this method are
convergent.

e The obtained numerical results are compared with the exact
solutions and some of the ones available to display the accuracy
and proficiency of the proposed method. As can be seen, with a
few numbers of the hybrid basis functions, satisfactory results
are obtained.

e We present a new method to obtain the fractional operators for
the hybrid of Genocchi polynomials and Block-Pulse functions
directly and without any approximation. The accuracy of these
operators is effective in increasing the accuracy of the proposed
methods for solving fractional optimal control problems.

How to cite: Shafiof, S.M., Askari, J., Shams Solary, M. (2023). Numerical solution of the fractional optimal control
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