Print ISSN: 2588-2546

Mathematical Researches

Online ISSN: 2588-2554

Homepage: https:/mmr.khu.ac.ir/

A new recognition of some finite simple groups

Ahmad Khaksari':*

1. Department of mathematics, Payame noor university, Po.Box:19395-3697, Tehran, Iran.
D<E-mail; a_khaksari@pnu.ac.ir

Article Info

ABSTRACT

Avrticle type:
Research Article

Article history:
Received:
18 January 2021

Received in revised form:

5 May 2021
Accepted:

22 June 2021
Published online:
20 June 2023

Keywords:
element order,

the largest element
order,

Stienberg group.

Introduction

In this paper G is considered to be a finite group. We denote the set of elements
order and the set of prime divisors of order G by n,.(G) and n(G), respectively. The
largest element order of G is denoted by k; (G), and the prime graph of G is denoted by
['(G), where two vertices u and v are adjacent if uv € . (G). After classification of
finite simple groups, the problem that came to the researchers’ attention was the
problem of recognizing a group with a specific characteristic. Properties such as
elements order, the set of elements with the same order, graphs, etc. In fact we say the
group G by property M is recognizable, whenever by isomorphic G be the only group
by property M. The other methods are group recognition by using the order of the group
and the largest element order. In other words, we say the group G is recognizably by
using the order of the G and the largest element order whenever there exists group H
sothat| G I=IH| and k;(G) = k;(H) then G = H. Itis known that some of groups are
recognizable by this method. In this paper, we prove that the Stienberg group3D, (2™),
where 24" — 22" 4 1 is a prime number are recognizable by using the order of the
group and the largest element order. In other words, we have the following main
theorem.
Main Theorem
Let G be a group with the Steinberg group 3D,(2"), where2*" — 22" + 1 is a prime
number such that | G 1=13D,(2™)| and k, (G) = k,(3D,(2™)), then G = 3D,(2™M).
Material and methods
In this research we prove that Steinberg group3D,(2™), where 24" — 22" + 1 isaprime
number by using the order of the group and the largest element order. In order to prove

the main theorem, we used Lemmas 4.2, 7.2 of the reference [18].
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Results and discussion

In this section we prove the main result of this article. For simplicity the Steinberg
simple group and prime number are denoted by D and p respectively. As mentioned
in the previous section to prove the main result of this article we use the Lemma 4.2 of
[18]. We prove p is an isolated vertex of prime graph. Using Lemma 4.2 we prove that
G neither a Frobenius nor 2-Frobenius group. And for the case c this Lemma is
satisfied. In other words, G has a normal series such that H and G/K and K/H are non-
abelian simple groups. Moreover, H is a nilpotent group. Every odd components of
prime is an odd component of the prime graph. In the next step, by using Lemma 7.2,
since (5, IGI)=1, we consider the groups of this Lemma. We also prove that
isomorphism K/Hz L,(q) , L3(q), Us(q) , G2(q), 2G,(q), are a contradiction. Finally
we have K/H = 3D, (2™). The proof be completed.

Conclusion

We conclude that in addition to a previously known criterion(test) for Steinberg groups
recognition by their 2-sylow subgroups(ANTHONY HUGHES, CHARACTERIZATION
OF ®D4 (%), g =2" BY ITS SYLOW 2-SUBGROUP, Proceedings of the Conference on
Finite Groups,1976, Pages 103-105) and also the same order components (Guiyun Chen,
Characterization of ®Da(q), Southeast Asian Bulletin of Mathematics, 25, pages 389—
401,2002). Next, in this paper we can recognize them by the order of the group and the

largest element order of the group.

How to cite: Khaksari, A. (2023). A new recognition of some finite simple groups. Mathematical Researches, 9 (1),

108-118.

@ (M) | © The Author(s). Publisher: Kharazmi University

BY

NC



https://www.sciencedirect.com/science/article/pii/B9780126336504500138#!
https://www.sciencedirect.com/science/book/9780126336504
https://www.sciencedirect.com/science/book/9780126336504
https://link.springer.com/journal/10012

July
'- 2 rin SN: 2 2
ltﬂ Mathematical Researches S i

Online ISSN: 2588-2554

L

Homepage: https:/mmr.khu.ac.ir/

PLo 80l geg )55l cam wus dasic

PP I { ERRPP

a_khaksari@pnu.ac.ir :asbll, .l !yl 565 FFAV=VAYAD: sy Ggaio ;55 plo ol8ils « L5l (o550 09,5 ¢ Jgtans bty g )

PRV alio wleMb|

gy allie :allio 45

‘w;)lﬁuuwmo)ydswe{cdju)‘é ‘ksmL&AZQdeLbasjféMaa)j‘_\q .
AR VATRYA SRR Y @)L'

VE YN 1 5550 f,b

Slr ol Glasis; 035 b asl M cools s (05,5 4t (250,50 <o G 09,5 olS 5t SRR ARTEF LN B
VEYL YT sy Ladsl g,

ol JEMeaols LG og)S gly )0 sl (o5 (Shy o bog)S o olulid dliws

cpolis 83 a5l oolinul b ololis s olsie d ol oo il likioes Lasgs « oy 5 ololis

Gove 24— 220 11 T 5 453D, (21) S il sloog S 45 0S oo ol i ol o igols sloejly
rolis &5y

el bl LB 0,5 ol 8510 0 55,50 5 09,5 & o 5l ooliziul b el gl b e

polic ddpe (0 S )5

5 il slog S

VAN ) A ol sloiags ol s3le sbTog 55l an was daseie (1 F+ ) saes! g LS Lol

DS

o oS v © oile olRails :ab




" VEeF il oplois o 099  25b 5 (U825 1

15y Jgl slodde pymdie degorma &)g0 (nl 53 10l (alite 09,5 S, G oS @S g0 3 cllio cpl pual o 5
ol ki(G) L1 G polie 4550 35S )5 5 Te(G) L) o] pobie 4550 degone T(G) Sls L1, G 055
as ‘) G ale 05; ;SJ Jﬁ‘ d‘; ML' n ‘T[(G) :\...))./a olf).m ‘f"""’bks" °3)§_KTI. ‘) G GQLM 05; gSJ Sp.:.{béso
L 5 511 ysbne G P ol 99 5 T oty degorme TT(G) 45 S o iy po3 315 spudd oo (L3 T(G) slei b
[= 0 L, samen Wlse a5 E(G) L1, G oy ol BIF sazen sleailys olas pq € T, (G) 51
2 € Ty 1S oo o3 ddpan Lo il 295 G 450 45 s 4o ewpy 5L5 1, 2,3, 0, £(G)
LLy(q) sloog,S a5 wio,S ol JA] jo YoV Jlo jo e Yooy ' od aie) ol 4o il oo 09,5 &5 50 o polic
‘O..)Lu.v 6L®°5;_K3 LQ)] )Q 45 u)..J.u) u‘ysa 3 [\V y \Y& \\ c\ A 0( 3 V4 f4 \“] )..) ng u...o..b )‘ OOL&.:.M‘ L) 6;0
S oy, g <8 C)] 40 aS L3(CI)9 L,(q) k> lrog,S wauSTy sole (gloog S ool L;Lbos)f—KAL
g5 3l oolo laog 5Ky PGLy(q) snsas ple s sl 09,5 @ S 11 ] 0 &5 Us(q) pas 2>
Jol soae 2% — 221 4 1 T 15 a5 3D, (2™) 5 il (sloog S a5 meds oo lid b cllio ol 4o .ol oo

ol lolis BB K1 (G) 5 09,5 ayo 5l ooliiwl b (63,8 4 pammio job 4
e ol Lol 48

ol 5 el Jol 0ae 28— 22" £ 1 45 59 4 D = 3D4(2M) 5055 o G oS Lo 1 bol dndd
G =D 31wy S1D| = |Gl5 k1(G) = k(D) &30

1 Slondio gl LaBy Gy a5 Y
oS oo b ¢ oS e ol T 51 Lol 8B LS o aST) iy a3 g o (golasd (i ol o
0T asl H poto g K &id b oguing 2 09,5 3 G oS o 8 (FD V.Y o
22n T(6) ainen sloailye ()5 m(K) £(G) =2 )
aS eole | [K| = 1 soe |H|(Y
Lol gz K (Y
4l T IHI K DG asle Jloy s o hls o850 ¢ 055 o ogeing Y G 09,5 S5 V. Yy 2

. K .. o = G
il Hy o a b Gogitng b sl 09,5 Ky oS s 5k

He
2Chen



VY olio solw (sloog )55/ sbw by dastico

1030 ()l 50 il zg5 &5 pe 5l ugeing Y 098 G oS 558 ([Y]) ¥ Y
m(H) Un(ﬁ) =1 n(i) =1, . t(G) =2 ()

il 18 5 s ) (S S ge ol po b t(G) 2 2L sl 0g,8 S0 G oS o 5,3 ([VAD F. ¥ o
sl ogaing;b 09,8 So G ()

ol ogetng Y 09,5 Sy G(Y

ol 03,5 K2 5 03,5y G/K s H o spsb el TS H DK 96 Jloj s o slls G (¥
G 5 315 31555 ailse o oy 08 o ole |, |OUE()

el = S G155 ailse S,
ol 0 PT =gt =145 syeb a4 il b sae g3 My M Jglsae g0 @9 P 0S Lo,8.(VO] O . Y
el L85 5 lyd (S0 g0

ol o vae S 2 0 a5 p = 22 4 1ol wsbm = 1 51

el Jgloae SuPo = 0asg=2P0 —1 5 Tasbn=1 sI(v

(.gmn)=(3,223) S lcasbmmn>1 3I(Y

1S90 ol o anil b olael [ K, @ oS o5 ([VA]) £ .Y

(¢*-1,q' -1)=q*D -1

(kD) b s a— L ¢
q +1 il o,8 P 3ae43,a 51
(¢"+1q4"'+1) = (D) Gel) v
(2,q+1) Syge ol gy
gV +1 mb@)%ﬁﬁ%ﬁ‘
(2,q+1) Oyl e

@G =1,¢"+ 1) <2400 2 25k=1,04, 05 sy

09,5 ©ype cnl 53 sl (5,[G]) = 1 a5 (5)5b a4y sl (LT 1 83lu 09,5 o G oS (58 (DA]IV. V.
el E3u, Sy sleeg S 5l S LG

‘= 2(m0d5)9n—23456)5Jo¢L(q) (\

«q = +2(mod5) «5 sk 4 G(q)

«q = +2(mod 5) &5 ¢,sb 4 Us(q) (v

«q = +2(mod 5) 5 ¢ sb s °Du(q)  (f

’

q = +2(mod 5) &5 ¢,sb « 2Go(q)



Y VEeF il oplois o 099  25b 5 (U825 1

ol dndd WLS1LY

@ =2") el Jgl soue q* — q% + 1 34 3D4(21) Syl sloog 5 45 S a ali e ol o
ool bl LB T (G) sae (n 55,5 45 50 509,5 4550 3l oslianal L
k1(G) = 551G = D 145 col o popose SLSP b1, 4% = @7 41 Jgloae 5 (ol (s cashsl o

D] = 1G15k1(G) = ky (D) 51 m scel 3 B Lyt oS oS oo oo Ji> ID] =[G 5 k1 (D)
el T(G) o s o, P oS meps oo pLis kg (D) = (@2 = 1D(q+ 1) moyfo DYl w i la G = D o5
tp € Mo(G) a5 sy 4 eyl 3925 £ aiile ol 30e (ol 10l LS T, P s on (28 polate 0 62

LT VSR

ap22p=2(q"—q*+1) > (¢®*—1)(g+1)

NPV PE

tp > ki(6)=(q°—1D(q+1)
Yo ) by a5 s s ol el 15,0 G 05,8 gl F.¥ o) (515 Sl £(6) = 2 Ly 1] Lails S, oS
2l pealss (L 1) (5, o pge byl sl eslital b g Cs 185 o
s oging b 09,5 Sy LYY o
t(G) =2 0,0 ). M) o) o Sjgo ol 0 WBL H oie g K dia b ogeing 2098 G oS (28 by
il T(G) sles oly P a5 el 51 Jlo s T(G) s oo (sl ailse sh (s aegorne T(K) 5 T(H)
S o o) ) g

|G]

-IK|=psIHI=7 (

|G| ..
-|H|=p3IKl=7 i

Gl ) . g .
S &S |G <plp—1) ol 7|p—1 Q.Y o plo Syge ol o il L3, (el @ oS 5,8

. . ) IG] ! s (i) . .
(Cbls gl dzl jo ‘p|?— 1 yls Oygo opl yo sl 5, (11) <> S o 2 J

a2(¢*+q*+1)(¢°-1)(¢*-1) _ 1
q*—q?+1

(q*—q*+1)|
ey Vb &l 50,5 sslus b

(q%° — g6 + qzs _ q23+q21+q20_q19_q18+q16_q15+q12)
q*—q*+1

(q* —q* +1)|

U
(q4 _ qz + 1)|(q25+q23_q22_|_q21_qzo_q19_q18_q17+q16_q15_|_q14+q12 —-1)
ol La8L5 S ol a5 (@ — g2+ D)[(5G3 + 4% 4 5q) ar o Yo le 50,8 ool 5l am cales o

o ogeag;d 09,8 S0 G onl pl



Y\ F olio solw (sloog )55/ sbw by dastico

Mwwsﬁ—\‘ 05;;5_'6‘“.‘“‘@'
1SHﬂKﬂG Juféﬂ&é\)loG ‘(Y’Y)meL;Mbwy....jjs—Y ojﬁ&G rb....Suo)S OLQ).!
K , G
ol ez o2 g H g laaian b (uging b Slems S K 0 a5 5k 4 sl
G K K G
LE] 1At s wGH=m, w(iURE) =
K .
=0t =P H1 s b o] =P s = (P}l T(6) 1o s o, P o5 00l § Ul

K
|G/K[1Aut ()]

, q'?-1 e . ,
[“")“5[\?] )‘Vp.lcbl.u‘_g)b)\q‘l'—qzﬂ'l:m 45w‘a..o|5|z| |p—1 10 oo ARl
q2-1 6 _ 6
"(qﬁ—l »q —1)—(2'61 _1) =1

arsi b 2(g° = 1) = 1[H| b

G
Ao —1a5 51 (a* = 2,2(0° = 1) = 1) = 1 5550 ameis o5

K . . < K .
oyl o IK/HHe =101 ol 2(q° =1 = 1

(@*-q*+DIR@E°* -1 -2)
NUSWWEREWIVETT SR | 05; &G Ol sl (@8ls G ol aS
ol e, D LGP
Slopd 4 a5 b Jl> «0iS o oo (F.V) o) Ll 51 SO 0 G opl b t(G) = 2 (F.V) o plo oyl g
aile Jloy g o sl)ls G ezt jo 0aiS o G (F.Y) W 51V Los 0 G (YY) 5 (Y. Y)
1S HSK=2G
Ky . G . K _

‘) 0ut(;) d.u),c; d.u),cjulj.: CyH “él)‘l.: OQL.J 09; &5505;_751 &G/KBH 456)9.|od.;‘w|
otls Sl T(G) sleis T, P 45 oal ol o 51,5 5 0 8l 5 G515 o 8l 3 oDy 1035 ol
K . _ . K K
ELIG1eS aatoie stk 31 5 HIG] 0. 1) sy oo o 5 £(2) 2 25 p] 5]

= . = K =
:M)‘é 3D4(2n)‘5b05; ‘5‘)"45“’""5&54 d.>9_\ ‘\.\a.)‘ S &.A?U)Lii (VY) [“J 6[&09)5 )l él.: E 05)5 u.w‘/pl.u

ki(CDa(2M) =q* +q* —q—1,1°D,2" = q"*(¢® + q¢* + D(q° - D(* -1
S o0 S 5o 1) p) sl (5S]

ol Y] s o851 g = £2(mod 5) ol o o5 3 = G,(q) 51 Jsl

K
5+|E|47L».».|)»)‘

. 2 '
k1(G2(q))=q +q +1
2 ’ ’
TE SV ;q4 + q3 —q—1=q +q +1 sl oply> cplpls kg (Gz(q )) = k1(G) 9>

P +qd=q"+q*—q-2



ARIA

1FoF iS5/ 0yloss s 0590 « 0l 5 (slo it g 31

o) 50 12) Ay 4 @ lade 6 lIS > L S
q(q +1) = 2% +220 — 2" — 2 = 2(2%n~1 4 23n~1 _pn-1 1)

wmye o F1 =201 423m71 _onTl 1, ' =2 (¢ g+ D) =1 oz Ko byl
T2 &S i 0 Ty L 0] oo Cowd [ 4 =24n"1 4 23n"1 _ 2”_15 8=q*+q3—q slaalslas

e yo0 AL 4 Gl plis 105 g plas’
oo D]l ol (Tg = 327 T s s © = 26,(q) 51 (pg0 b
k1 (PGy(q)) = q'+ /3¢ +1
Sl @* P =g = 1= @ B30 H T s 09,590 solis 50 55 0ol L5 L
24m 4 30 _on g = 3m+lgm 4 1)

:w-.’.)ﬁl';‘ S 1y gy adaly, LS Ojle s CI, = 32 m+1)‘~\3~° SISt J>

.2(2411—1 + 23n—1 _ 2n—1 _ 1) — 3m+1(3m + 1)

RN ‘(3m+1’ BM+1)=1a ol s Gk
2 = 3m +1 5 (241’1—1 + 22n—1 _ 2n—1 _ 1) — 3m+1

q =3 ,m=0ax5,03"=165,12=3M+1 31 Jio slpic & pum; oo A 4 Sl 93,0 a5
el (A35 S plas 4 = 2471 4 201 _gn=l s el

s Y] Ll o5Tg = p™ g = £2(mod 5) )Msgsz(q') S (pgw >
ke (L2(g)) =q'Lg' +1
I NPT PERLISPWR A IS eq4 + q3 -q—1= q' ool Ky (Lz(q')) = q' S 0 28 o]

B Tqt+q>—q—1=q+1 3l .cal a8l o ol a5 [Lo(q)] + G
g+ -q-2=q

oty 0 A5 S 4 L2 (@) IG] oS el 51 %ot
b DY &l o5 T @ = £2(mod 5) o s 5% = L3(q) 51 eyl <>

’ 2 ' 2 '
kils(@)=q" +q'+ 1.(q" +q' +1)/3
oo sl Gl 90 30,8 ool Lol qP+ g3 —q —1 = g7 + g + 1 oS o5 la

g +q =g +qP—q-2

wod (@ +1)=1a5 5l Jo.q(q +1) =241+ 23071 — 2771 — 1) i s cnlplo

g H1=24"t g3l _ontl 1, q'=2



XY2 olio solw (sloog )55/ sbw by dastico

E® T30 & 4 uyslee Cowd 4y, 4 =207 23071 97l 8 = gt 4+ g% — g ladlslee ol
o yss 8L 4y ol 0,00 sz olas
gt P —q—1= (g7 +q +1)/3 il sl 31 S
3¢*+3¢°-3q—-4=q'(q' +1)
5 oy Asles ol 45 eatins el oo ool &
ol 4 L o8 T g = +2(mod 5) i, 5% = U3(q) 51 (poy <l
ki (Us(@))=q"+q' v (@ +4)/3
gt —q-2=q" +q - 1&ig* +¢* —q-1=q"+q 3
q*+q® —q-1=q(q' +1)
0 (@ =D(@+2¢2+2q+ 1) =q(q + 1) el Vb alal, 53,5 ool b
(q,qg+1)=1
ol 285 Sl zses aas (1) = @3 +2¢2 + 29+ 15 ¢ = (— Dealply
:M)lo&%l.3q4+3q3—3q—3=q'2+q'ol§¢jq4+q3—q—1=(q'2+q')/3 Kq
q(g+1)=3(*"+¢*—q-1)
w2t P —q—=1=(0 +1) 54 =3 m(qi g +1)=1a5 eyl
q*+q3—q=5
B R N
Jbesi sy L G sz 55k |§| = |D| = |G] w% = D ans e azS (V. V) o e
1SHSK=3G
s 5P =p 1 p EMy(D) Ly Dl |§| o JH| =1 :cils puales ool
gt —q*+1=q"—q* +1
taylo k1 (G) = k(D) a5 ol 5 8,k 5

/4 /2 ’
q*+q*—q-1=q +q —q -1

G=K=D K| =|D| = |G| 9 b 3l G = q rams o



VY VEeF il oplois o 099  25b 5 (U825 1

References

1.

10.

11.

12.

13.

Bugeaud Y., Cao Z., Mignotte M., On simple K,-groups, J. Algebra, 241 (2001) 658-668.

Chen G. Y., On the structure of Frobenius groups and 2-Frobenius groups, J. Southwest China
Normal University., 20(5)(1995) 485-487.

. Chen G. Y., He L. G, Xu H. J., A new characterization of sporadic simple groups”, Ital. J.

Pure Appl. Math., 30 (2013) 373-392.

Ebrahimzadeh B., Iranmanesh A., Tehranian A, Parvizi Mosaed H., A characterization of the
suzuki groups by order and the largest elements order”, Sci. Islam. Repub. Iran., 27(4)(2016)
353-355.

Frobenius G., Verallgemeinerung des sylow'schen satzes, Berliner sitz, (1895) 981-993.
Gorenstein D., Finite groups, Harper and Row, New York (1980).

He L. G, Chen G. Y., A new characterization of Simple K3-groups, Comm. Algebra, 40(10)
(2012) 3903-3911.

He L. G., Chen G. Y., A new characterization of L,(q) where g = p™< 125, Ital. J. Pure Appl.
Math, 28 (2012) 125-134.

He L. G., Chen G. Y., A new characterization of L3(q) (¢ <8) and U5(q) (¢ < 11), J. Southwest
Uni. (Nature Science Edition), 33(10) (2011) 81-87.

He L. G and Chen G. Y., A new characterization of simple K,-groups with type L, (p), Adv.
Math. (China) 43 (5) (2014) 667-670

He L. G., Chen G. Y., A new characterization of simple K, —groups, J. Math. Res. Appl,
35(4)(2015) 400-406.

Jiang Q., Shao C., Characterization of some L, (q) by largest element orders, Math. Reports,
17(67) (2015) 353-358.

Kantor W., Seress A., Large element orders and the characteristic of Lie-type simple groups,
J.Algebra, 322 (2009) 802-832



A olio solw (sloog )55/ sbw by dastico

14.

15.

16.

17.

18.

19.

20.

Khalili A., Iranmanesh A., A new characterization of linear groups L, (p), Czechoslovak Math.
J, 64(2) (2014) 459-464.

Khosravi A., Khosravi B., A new characterization of some alternating and symmetric groups

(1), Houston J. Math, 30(4) (2004)465-478.

Kondrat'ev A. S., Prime graph components of finite simple groups, Mathematics of the USSR-
Shornik, 67(1) (1990) 235-247.

Li J., Shi W.J., Yu D., A characterization of some PGL,(q) by maximum element order,
Bull. Korean Math. Soc, 52(6) (2015)2025-2034.

Shi W. J., A characterization of U;(2™)by their element orders, J. Southwest-China Normal
Univ, 25(4)(2000)353-360.

Williams J. S., Prime graph components of finite groups, J. Algebra, 69(2), (1981) 487-513.

Zavarnitsine A. V., Recognition of the simple groups L;(q) by element orders, J. Group

Theory, 7(1) (2004) 81-97.



	Templetekhaksar.pdf (p.1-3)
	khaksar.pdf (p.4-11)

