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Introduction

In modern portfolio theory, it is often assumed that the returns distribution is Gaussian.
Real data has shown that this assumption can lead to a significant error in expected returns.
Kamali. et al [4] confirm that the kernel distribution estimator is the best to fit the data among
many distributions including Gaussian distribution. In this paper, instead of using the same
distribution for all assets in all periods, we consider the most appropriate distribution for each
asset in each period. We also show that a more reliable answer is achieved by using the
piecewise linear interpolation of the empirical distribution. When an investor plans to set up
a portfolio for the future, a common approach is to use the same weights obtained for the
assets in the portfolio as historical data. This method can lead to some errors, especially when
the market fluctuates a lot. One way to improve the answers is to predict future returns with
an accuracy model and using new data. To this end, we consider the AR (1)-GARCH (1,1)
model. This is a parsimonious model that has to estimate three parameters. We use shares, in
the ASX100 market to form a portfolio. Shares' daily values for 723 days (adjusted close
values) from 2015 to 2017 are used.

Results and discussion
We consider initial wealth, M, =1 at a period of T =36 months. Also, x; is the
percentage of asset S; at the end of the (¢ — 1)th period, which is invested at the beginning
of the period ¢. The rate of return on assets in period t is expressed by R, ; with the position
parameter r,; and the scale parameter o .

The probability risk criteria applied in this study is as follows

i, i, P ()

where Ft](xt]) = Pr{lRt]xt] — thxtjl < 96{;]}

Finally, the end objective function is as follows

mﬁx{lrgtlsnT 1r5njlan Fyj (xt]-), EWr)}.
Suppose the investor tends to maximize ultimate wealth while minimizing risk. So, the
optimization problem is brought as follows
T N

max Xeilei
x Z )

t=1j=1

such that
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where

Uy; = min{1, Ft;-l(y)},
and y is a real fixed integer between 0 and 1, and is the inverse of the function. The optimal
solution to the above optimization problem is obtained in based on Theorem 2.3 [12].
At this stage, for each asset in each period, we consider the most appropriate distribution
using the Kolmogorov-Smirnov test and then solve the problem accordingly.
It should be noted that if the investor is risky, he/she must select a portfolio with more 6 and
less y. For 6 > 2 or 6 < 0.6 the investor is practically risk-averse.
After that, we predict future returns using the AR (1)-GARCH (1,1) model.
First of all, the stationarity of returns time series must be examined. We use the KPSS test
and results show that the null hypothesis of stability cannot be rejected in almost all cases.
In cases that stationarity is rejected, we obtain a stationary time series by first-order
differentiation.
Another issue could be checking the accuracy of the forecast. In this research, we use the
criteria Root Mean Squared Error (RMSE), Mean Absolute Error (MAE), and Theil
inequality coefficient (TIC). The result for the 10th asset shows that the value of TIC for
the model AR (1)-GARCH (1,1) is close to zero. Therefore, it is suitable for predict returns.
After fitting the AR (1)-GARCH (1,1) model to the returns time series, we generate data by
them and solve the optimization problem using new data.
The optimization problem is solved with the new data in the case that the interpolation of
empirical distribution is considered.

Conclusion
The following conclusions were drawn from this research

e Instead of using the same distribution (with different parameters) for all assets in
all periods, we choose a fitted distribution for each asset in each period.

e The empirical distribution has been used instead of fitting the parametric
distribution to the time series of returns and for being invertible, we used a
piecewise linear interpolation of the empirical distribution function. Then we show
that the interpolated function is better than the Kernel distribution estimator in
terms of being closer to reality.

e  After selecting the appropriate criteria for solving the optimization problem for
selecting a portfolio, it is necessary to predict the returns and then solve the
problem with new data. To do this, we used AR (1)-GARCH (1,1) model.

e  Finally, the optimization problem is solved in such a way that the investor
expresses her expectation for the expected return and wanted to offer her the
appropriate portfolio.

How to cite: Kamali, R., Mahmoodi, S., Jahandideh, M. (2022). Multi-period Portfolio Optimization Under Probability
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