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Introduction

Paolo Aluffi in [1] introduced a graded Algebra for purpose of defining
a characteristic cycle of a hypersurface in parallel to Conormal cycle in
intersection theory. Let Y € X € M be closed embedding of schemes,
where X is a hypersurface in the smooth variety M and Y is the singular
subscheme of X. Aluffi constructed a graded Ox-algebra qSymycy (Jy x).
which he called quasi-symmetric algebra, defined by

aSymyewm (Jy x) = Symoy (Jyx) ®Qsymoy, (3ym) Rom (Jvm),
where Sym, ({]Y,X) is the symmetric algebra of the ideal sheaf Jy x of Y
in X and ROM(JY,M) is the Rees algebra of the ideal sheaf Jy , of Y in
M. Aluffi proved that the characterisctic cycle of X in M is equal
(=D [Proj (aSymyem (dvx))] ®
Furthermore, the Chern-Mather and Schwartz-MacPherson classes of X
are (up to sing) the shadows of the principal cycles [Proj(Ro,(Jyx))]
and [Proj (qSmegM ({]Y,X))] in P(T*M|X), respectively [1. Theorems
3.2and 4.4].
Inspired by this construction, the second author and A. Simis studied
algebraic and geometric properties of this algebra, naming it the Aluffi
algebra [2] and [3]. Let R be a commutative Noetherianringand J S I <
R ideals of R. The Aluffi algebra of 1/] is
Agyy(1/]) = Symg;(I/]) Qsympay Re(D) -

The Aluffi algebra is an intermediate graded algebra between the Rees and
symmetric algebras. The latter algebras are important in the resolution of

singularities [4]. Given an ideals ] < I < R we have
SymR/](I/]) > ‘AR/](I/]) > :RR/](I/])- (2)
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The right-hand surjection studied in [5] and [6]. The kernel of this
homomorphism which is the Valabrega-Valla module has close relation
with the other themes in commutative algebra as the Artin-Rees number,
the relation type number and standard basis in the sense of Hironaka.

Let R be a Noetherian ring and I = (fy, ..., f,) ideal of R. There is a
natural R-algebra homomorphis from the symmetric algebra of I to the
Rees algebra a: Symg (I) - Rg(I). The ideal I is called of linear type if
« is an isomorphism. By the definition of the Aluffi algebra, if I is of linear
type, then the left surjective homomorphism in (2) is an isomorphism.
Therefore, by using the formula (1) to compute the characteristic cycles
of X, we just need to compute the principal cycles of the naive blowup
Proj(Symy, (Jy x)). Therefore, it is reasonable to ask, when or for which
classes of pair of ideals the Aluffi algebra is isomorphic with the
symmetric algebra. For the importance of this isomorphism in algebraic
geometry, we give a definition provided this isomorphism hold. A pair of
ideals J € I € R satisfies in linearity condition when the Aluffi algebra of
1/] is isomorphism with the corresponding symmetric algebra. It is clear
that if I or I /] are of linear type, then J < I satisfies in linearity condition.
In the case that J is the defining ideal of a reduced hypersurface with
isolated singularities and I is the Jacobian ideal of J, the linearity condition
characterized in terms of type of singularities. In particular, any
hypersurface with simple singularity satisfies in linearity condition [7] and

[8].
Results

In this work, we study the linearity condition. Given anideal ] € I € R in
the Noetherian ring R, we prove that /] < [ satisfies in linearity condition
if and only if N, €JN,_, for r > 1, where N, is the kernel of
homogeneous component of degree r of the R-algebra homomorphism
a: Symg(I) » Rgp(I). We show that the following classes of ideals
satisfy in linearity condition:

1. The ideals (f) < Ir, where f is defining equation of a reduced
affine hypersurface X = Spec (K[X4, ..., X,]/(f)) € Ag such
that the singular subscheme of X is non-singular and Ir =
(f,;—)g, "";Tfn) is the Jacobian ideal of f .

2. The ideals J <1, where J,I are monomial ideals in the
polynomial ring R = K[X;, ..., X,;] and I minimally is generated

by J and a monomial m.




We prove that a pair of ideals ] € I = (X4, ..., X,)% € R = K[X, ..., Xn]
satisfies linearity condition if and only if d = 1. Finally, we prove that if
J S R is a complete intersection and I is an ideal contain J, then J € [
satisfies linearity condition if and only if the ideal I is of linear type.
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