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Introduction

Fractional calculus is an extension of derivatives and integrals to non-
integer orders and it has been widely used to model engineering and
scientific problems. Studying fractional calculus is an old topic in
mathematical analysis, which goes back to Leibniz (1695) and Euler
(1730). Exact solutions for the majority of fractional differential equations
cannot be found easily, thus analytical and numerical methods must be
used. In fact, several numerical methods for solving fractional differential
equations have been presented in the literature and they have their own
advantages and limitations. In recent years, the numerical solution of
fractional equations has become a popular topic in applied sciences
control and engineering. The Riccati equations play a significant role in
many fields of engineering and applied science such as the theory of
random processes, diffusion problems, transmission-line phenomena and
optimal control theory. The Riccati differential equation is named after
the Italian Nobleman Count Jacopo Francesco Riccati (1676-1754). In this
work, we implement exponential spline method for solving the time
fractional nonlinear Riccati initial value problem with the Caputo
fractional derivative. Many authors have made attempts to solve these
equations using different numerical methods. Some of these methods,
such as the Laplace-Adomian-Pade method, the modified homotopy
perturbation method, the He's variational iteration method, the Chebyshev
wavelet operational matrix method, the finite difference method and Pade-
variational iteration method, the shifted Jacobi polynomial integral
operational matrix method, The sine-cosine wavelet operational matrix,
Variational iteration algorithm and the residual power series method.

Material and methods

There are several definitions of a fractional derivative of order such as
Riemann-Liouville, Grunwald-Letnikove, and Caputo. In this paper, the
Caputo fractional derivative is used for the formulation of the problem.
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The exponential spline function is presented for solving Riccati
differential equations. Applying the continuity of the exponential spline
function and its derivative we get the consistency relations. The relations
of exponential spline function are utilized to transform the differential
equations to the system of algebraic equations. Also, the error analysis of
the exponential spline function bases is given. We use exponential spline
approximation to develop a family of new numerical methods to obtain
smooth approximations to the solution of fractional riccati differential
equation. The proposed methods can be used to solve not only the classical
Riccati differential equations but also the fractional ones. The
convergence analysis of the method has been discussed. Some examples
are included to demonstrate the validity and applicability of the technique
and to compare the computed results with the other methods.
Results and discussion

Our main aim is to solve the Riccati differential equations by using
exponential spline function. We propose two main methods to find an
approximate solution of the fractional Riccati equation. The main
advantage of our algorithm is that it can be used directly without using an
assumption or transformation formulae and the convergence analysis of
the method has been discussed. By using the truncation error to eliminate
the coefficients of various powers h we can obtain classes of the methods.
The presented method is its greater accuracy and smooth approximation
without using an off-step point. The present method enables us to
approximate the solution at every point of the interval [a, b].

Conclusion

In this paper, the exponential spline has been applied to approximate
the solution of the fractional riccati differential equations and we have
obtained some methods of order-two. To demonstrate the convergence
and applicability of the presented methods, some numerical experiments
are reported. Comparisons with other methods and the exact solution show
that this technique is a good approximation for solving the fractional
Riccati differential equations.
Based on the error analysis and convergence of these methods, we find
that the order of convergence is two and applies to all kinds of fractional
equations.
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