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Introduction

Let G be a group. For x,y € G, we denote [x,y] = xyx~ly"! and
Yx =yxy 1. Also let G®G be the group generated by the symbols x®y
with the following properties

xQyz = (x®y)”(x®z) = (x®y) (*x®”2),
(xz®y) = *(z®y) (x®y) = (*z@*y) (x®Y),

where, x,y, and z are elements of G. Now let V(G) denotes the subgroup of
G®G which is generated by {(g®g)|g € G}, and GAG, exterior square,
represents the quotient group GRG/V(G) = (x®yV(G)| x,y € G), if we
denote x®yV(G) by xay then GAG = (xay|x,y € G). As usual, Ci(x) =
{g € Glxng = 1,} is the exterior centralizer of x in ¢ and Z"(G) =
{g € G| xng = 1,,V x € G}isthe exterior center of G. As FC(G) consists of
all elements of G that their centralizers have finite index in G, FC"(G) is the
set of all elements of G that the index of their exterior centralizers in G are
finite. FC"(G) is a normal subgroup of G. The group G is an FC-group
(similarly, FC"-group) whether G = FC(G) (similarly, FC"(G) = G).
In 1972 Paul Erdas posed a question: If every infinite subset of group G has
two different elements which mutually commute, is there then a finite bound
on the cardinality of each such set of elements? B.H. Neumann proved in [8]
that the class of these groups are coincides with the class of center-by-finite

groups. Since that, problems with similar object have been studied by many



https://orcid.org/0000-0000-0000-0000
mailto:faramarzi@du.ac.ir

people (see [1-8]). What is remarkable in all of them is that the answers are
under conditions like finitely generated, for example Lennox and
Wiegold [6] for finitely generated soluble group G proved that every
infinite subset of G has two different elements which generate a
nilpotent subgroup if and only if G is finite-by-nilpotent. In this paper we
will answer the question of Erdds with this aspect that every infinite
subset of G has two different elements x and y such that xay = 1,.
Material and methods

The outline of our argument follows Neumann’s paper. First we
introduce PE"-group and FIZ"-group and then we prove that the class
of FC"-groups includes the both classes PE"-groups and FIZ"-groups.
Results and discussion

Group G is called PE"-group if every infinite subset X of G has tow
elements x and y such

that xay = 1,. Also if the exterior center of a group has finite index then
itis called FIZ"-group. We prove that every FIZ"-group is an FC"-group,
and every PE”-group is an FC"-group, and if G is an FC"-group which is
not FIZ"-group then it is not PE"-group.

Conclusion

The following conclusions were drawn from this research.

The answer of the question of Erdds is positive with this aspect that
every infinite subset of G has two different elements x and y such that

xny = 1,,thatis: G isa PE"-group if and only if G is an FIZ"-group.
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