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Introduction
Let R be a commutative Noetherian ring (with identity) and I be an ideal of R. The
local cohomology modules H: (M), i = 0,1, 2, ..., of an R-module M with respect to
1, with support in V (1), were introduced by A. Grotendieck in [14, 15]. The local
cohomology module Hi (M) is defined as:

Hi(M) = lim Extb (R/I™, M).

Also, for each pair of R-modules M and N, the generalized local cohomology

modules

Hi(M,N) = lim Exth(M/I"M,N),
were introduced by Herzog in [17]. Clearly, this notation is a generalization of the
ordinary local cohomology module.

Hartshorn defined an R-module M to be I-cofinite if Supp(M) < V(I) and
Exth (R/1, M) is finitely generated for all i and asked:

For which rings R and ideals I are the modules Hi(M) I-cofinite for all i and all
finitely generated modules M?

In [8], K. Bahmanpour et al., introduced the new notation of the n-th finiteness
dimension f*(M), for all n e Ny. More precisely, they used the following notation:
f*(M) := inf {f,Rp(Mp) : p e Supp(M/IM) anddim(R/p) = n},
where, for each ideal / of R and each finitely generated R-module N, the

finiteness dimension f;(N) of N relative to ] is defined as:
f;(N) = inf {i e Ny : Hj(N) is not finitely generated}

In [3], Asadollahi and Naghipour introduced the notation of the R-modules in
dimension < n, for all n € Ny. More precisely, by them definition, an R-module M
is said to be in dimension < n if and only if dim(M/N) < n for some finitely
generated submodule N of M. Moreover, they showed that if R is a complete local
ring then for any finitely generated R-module M there is another description of
(M) as follows:

f(M) =inf {0 <i€Z : HIM)isnotindimension < n}.

In [18], Hoang generalized their result to generalized local cohomology as

follows:

fH(M,N) :==inf {0 <i € Z : H{(M,N) isnotin dimension < n}.
where N is another finitely generated R-module. Also, he proved that if I, =
Anng (M /IM) then f{*(M, N) is defined as:

f*(M,N) = inf {f,RD(M,,,Np) : peSupp(N/IyN) anddim(R/p) = n},
where, for each ideal J of R and each pair of finitely generated R-modules M, N,
the finiteness dimension f; (M, N) of M, N relative to J is defined as:

f;(M,N) := inf {i e Ny : H\{(M,N) is not finitely generated}.

Also in [1], Abazari and the present author proved that, if (R, m) is a complete

local ring, then for all i < f/*(M) and all j >0, the R-modules Ext}, (R/

I,HE (M, N)) are in dimension < n — 2.

Throughout this paper, R will always be a commutative Noetherian ring with non-
zero identity and I will be an ideal of R. For each R-module L, we denote by



https://orcid.org/0000-0002-0906-6925

Assp (L) the set of associated prime ideals of L. Also, for any ideal a of R, we
denote {peSpecR: p2a} by V(a). For any unexplained notation and
terminology we refer the reader to [10] and [24].

Question. If (R, m) is a complete local ring, then for all i < f*(M,N) andall j >
0, are the R-modules Extj, (R/I, Hi(M, N)) in dimension < n — 2?

Material and methods

In this paper, the symbol C_,,(R) denote the category of all R-modules in
dimension < n and the symbol C.,, (I, R) denotes the category of all R-modules T,
such that Extz(R/I,T) is in Co,(R), for all j > 0. Lemmas 2.1 and 2.2 and
theorems 2.3 and 2.4, which are suitable generalizations of some well-known
results are needed in this paper.

Results and discussion

The main purpose of this paper is to prepare an affirmative answer to our question
in general. Moreover, we shall give some applications of this result concerning the
finiteness of special sets of associated prime ideals of the generalized local
cohomology modules.

Conclusion

We prove that if (R, m) is a Noetherian complete local ring, I isan ideal of R, t = 0
and n > 2 are two integers and M, N are two finitely generated R-modules such that
for each 0 < i <t the R-module Hi(M,N) is in C.,(R), then for any finitely
generated R-module X with support in V(I), each element of the set

3= (Exty (X, H (M,N)) :j = 0and 0 < i < ¢}

U {Homg (X, HE+ (M, N)), Exth (X, HE¥ (M, N) )3
isin C<p_,(R) (Theorem 2.7). The following results are immediately consequences
of this result. Let (R, m) be a Noetherian complete local ring, I be an ideal of R and
n =2 be an integer and M, N be two finitely generated R-modules such that

dim(N/IN) = n. Then for any finitely generated R-module X with support in V (1),
each element of the set
3: = (Ext} (X, H{ (M,N)) : j > 0 and i > 0}

isin C.,,_1(R) (Corollary 2.8). Let (R, m) be a Noetherian complete local ring, I be
an ideal of R, M, N be two finitely generated R-modules and n > 2 be an integer.
Then for all i < f*(M,N) and all j =0, the R-modules H:(M,N) are in
C<n_>(I,R) (Corollary 2.9). Another result of this paper is a generalization of [3,
Theorem 2.8] and [1, Theorem 2.10]. Let (R, m) be a Noetherian complete local ring,
I be an ideal of R, t = 0 and n > 2 be two integers and M, N be two finitely
generated R-modules such that for each 0 < i < t the R-module Hi (M, N) is in
C.n(R). Then for any finitely generated R-module X with support in V(I), the
following statements hold: (i) For each element L of the set

3= (Exty (X, H} (M,N)) : j 2 0and 0 < i < }

U {Homg (X, HE+1(M, N) ), Exth (X, HE¥1 (M, N) )}

the set
Assp(L)sn—z = {p € Assg(L) : dim(R/p) = n — 2}
is finite.
(if) Foreach 0 < i < t + 1, the set
Assg(H} (M, N))zn—z = {p € Assg(H} (M, N)) : dim(R/p) = n — 2}
is finite.
(iii) The set
Ass(@/L4""H] (M, N))zn_z = {p € Assg(®/L"""H} (M, N))
:dim(R/p) = n — 2}

is finite. (Theorem 2.11).
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sl Wi 0yl Lol Ao gl A

memo el N2 2 58 2 0 5 R 5l Jloayl I o JolS 5 6555 ndge gl (R, M) 0piS 5,5 V.Y auid
OSiSt mmo sae ,o &ly o5 gsb 4 atied Wge olite SlaJsae -R N 3 M 05 55 axily
ye 5 SUPP(X) S V(1) (515 L X shye ol Jysa R o sl o ool 5 HL (M, N) € Con(R)

3 = (Ext) (X,H{ (M,N)) : j20,0<i<1)
U (Homg (X, HEF'(M,N)),  Exth (X, HETOM,0) )}

2ol Caon2(R) Blae

u Sgds oo 4z VLY o loslainl L 2Y 488 | (S .yl g

i V.Y 808 1 erdine gl ) 050

Mb@&b@ dde &an 2 2 jR )I GITO.AJ‘I ‘J‘clsac;);}w LS’L"’}A 6‘4.9.1} (R,m) “‘*‘SQ")S .A,Y w
Jsse-R 12 lp &jg0 cpl )0 dIM(N/IN) =1 oS 5 5b 4 Gulge plie slaJgow-R N g M oS 5,8

degazes | gac ;2 Supp(X) S V() Shsb X Jse ol

3 = (Ext} (X, H} (M,N)) : j >0, >0}
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2ol Can-1(R) & 3o

3 oS> olply HE(M,N) € Copyi(R) i =0 qeumo 595 o lys o501 (dim(N/IN) = 1 51 .yla

- 595 gn 4 V.Y 42

—R ‘N 9M 4....50@)3 A....Jl.‘R )‘ Gﬂo;.\.u‘l 5‘&153(5)454 6&.09.@ 6‘4&1} (R,m) u\.uSUoJB .Q,Y w

HI(M,N) € Ccpi_y(I,R)

| D9 oo s V.Y &0a8 o [F,Y &ia8 VA] 51 oS .yl y
ool L3 090 p5 o) e op T LSl sl
degorme Oy90 (nl ;5 MEC(R) 91 € No «(s 555 ladl> R 058" (28 1+,Y amid
Assg(M)sp := {p € Assp(M) : dim(R/p) = n}
ol ol
™ Aales alasdle 1, [A,Y o O] by
il [Ve¥ 8028 0] 5 [AY 808 X om0 B

C.M&O‘JL‘TLZthZOB‘R )‘GI—‘O\.\J‘I‘JAlSjé)Jywsﬁd‘W(R,m).\Jua)ﬁ.\‘,rw

25,185 5 alys Supp(X) C V() (Sis b X Wae alie Jsan -R o sl 50 (0l 0 Can(R)

3 = (Ext) (X,H{ (M,N)) : j=0,0<i<¢)
U {Homg (X, HE (M, N)), Exth (X, HEH (M, N))}
dcgorne
Assg(L)sp—z = {p € Assg(L) : dim(R/p) = n — 2}
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Ass(H} (M,N))zn-2 = {p € Assg (H} (M,V)) + dim(R/p) 2 n 2}

Lol ol
degee (z

Assp(®LL " VH] (M, N))2n- = {p € Assp (@™ H] (M, ) : dim(R/p) 2 n -2}
RGOV g P59
Sebie di VoY o) g VLY dcid ) (Gl
5 on aets Assy (H (M, N)) = Assg(Homyg (R/1, HE(M, N))) 4zl 51 5 il cand S (o
| g e 45 Y 5l g o Caad 5l (2

il s e So =2 5 R Jowl T (JelS 5 655 xge sl (R,11) S Loy5 AYLY azeii
B Glp Sygo ol o dIM(N/IN) =1 oS 5)5b a4 ail Wge lie sloJsow -R N g M oS5 5,8

degoma I L gae ya 5 Supp(X) S V(D) Syl X wse olie Joso -R

3 = (Ext} (X, H} (M,N)) : j 20,020}

dcgone
Assg(L)sp-1 = {p € Assg(L) : dim(R/p) =2 n — 1}
ol ol
] Sy o a5 VLY g ALY Gl oS> gla
S0y g Sld

olo 1y G108 5 Sad Coles «uo )8 Alas dgupn o ge Lol Dl pas a5 s e oyl gl
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