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Abstract
In [1] the notion of “uniformly ideal” was introduced and developed the basic theory. In
this article we introduce and develop a theory which, in a sense, dual to that this is, the

notion of “uniformly secondary module”.
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Introduction

Throughout this paper, all rings are commutative with non-zero identity and N (resp.
Np) denotes the positive (resp-non-negative) integers.

Cox and Hetzel introduced and developed the basic theory of “uniformly primary
ideals” for commutative rings [2]: They called a proper ideal Q of R uniformly primary
if there exists a positive integer n such that whenever r,s € Rsatisfyrs € Q,r ¢
Q, then s™ € Q. Also a uniformly primary ideal Q has order k and is written ordzQ =
k , or simply ord Q =k if k is the smallest positive integer for which the aforementioned
property holds. We introduce and develop a theory which is ,in a sense, dual to
uniformly primary notion, that is, uniformly secondary modules.

In section 2, we present the notion of uniformly secondary modules along with two
other notions: “strongly secondary module” and “weakly secondary module”. In
addition, we provide two important characterizations of uniformly secondary modules
(Proposition 2.10 and Theorem 2.11). Moreover, we get a connection between
uniformly secondary and strongly secondary, while by some examples (Examples 2.4
and 2.9) we demonstrate that there is no equivalence, in general, between these 3

notions.
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Section 3 is devoted to developing some basic properties of uniformly secondary
modules. Finally in section 4, we focus on uniformly modules in which the radical of
their annihilator are finitely generated along with Artinian secondary modules. In
particular, proposition (4.1) shows that whenever the radical of the annihilator of a
secondary module is finitely generated, or instead, the secondary module is Artinian,
then it is uniformly secondary. As a consequence of these results, we conclude (in
corollary 4.2) that if N is a secondary R-module, then the Noetherianess of R or
Artinianess of N guarantees that N is strongly secondary and hence uniformly and
weakly secondary.

We recall from [4] that the non-zero R-module N is called a secondary module
whenever for each r € R, the homothety N LNis surjective or there exists n € N such
that rN = 0.If N is a secondary R-module, then p := \/W is a prime ideal and N is

called a p-secondary R-module. For more results about secondary modules see [4].

Characterization of uniformly secondary modules

We start this section with some basic definitions.

Definition2.1. An R-module M=0 is said to be uniformly secondary whenever there
exists a positive integer n such that for all r € R if the mapping M— M is not subjective,
then r™M = 0. If N is a uniformly secondary R-module, then the co- order of N is the
least positive integer n such that the above-mentioned property holds. If N has co-order
k, we write co — ordgN = k (or simply,co-ord N=k).For example Z,nis a uniformly

secondary Z-module with co — ord,Z,n = n(n € N).

Definition2.2. Let peSpec (R). Then

An R-module N is said to be strongly secondary if N is p secondary and
ptN = 0 for some t € N. If N is an strongly secondary modules, then the least positive
integer e for which p® N =0 is called the co-exponent of N and we write co —
expr(N) = e or simply co — exp(N) = e.

We call an R-module N weakly secondary if N is p-secondary and there is re R such
that rN = 0 and p(rN) = 0.
Remark2.3. (i) It is easy to see that every strongly secondary modules is a weakly
secondary module, but the converse is not, in general, true, as the next example (2.4)

shows.
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(i)If R is a Noetherian ring, then every secondary R-module is strongly secondary
and it follows from (i) and next proposition that the above three concepts are the same.
We recall that the next example is a modification of an example given in [ 2, page 2].

Example2.4. Let K be a field and let R: = K[x4,X5,....] and M :=§ where q =

(%232, x1x32,)R. Then p:= (X4,X,...,X, ...) R is a maximal ideal of R and
J/(0g:M)=p. Thus M is p-secondary, x;M = 0 and p(x;M) = 0 and so M is a weakly
secondary module. But for each positive integer n, x;X,..X,4+1 € p"and
X5X3 ... Xn4+1M # 0. Thus M is not a strongly seconday module.

Now, we consider the relation between uniformly secondary and strongly secondary
modules.

Propostion2.5. Let M be a strongly p secondary R-module. Then M is uniformly
secondary. Further,co — ordM < co — exp M

Proof. Let M be a strongly secondary module. Then there is t € N such that p'M =
0.suppose that M 5 M s not surjective, thenr € pand so rtM = 0

Corollary2.6. Let p be prime ideal of R and M an R-module. Suppose that for some
positive integer n, (0:,p™) (resp, p%) is p-secondary (and hence strongly

secondary). Then (0: 5, p™) (resp, anM) is a uniformly secondary R-module of co-order

at most n. In particular if p is a maximal ideal, then for each positive n,
O0: 2™ (resp, M ) if is not zero, is a uniformly secondary module of co-order at

p"M
most n.
In general, the co-order of the secondary submodules (0:y p™) (resp,

M
p"M

) may be

smaller than n. For example let R be a valuation ring with maximal ideal m which is not

principal and M an R-module. Then since m? = m. for each ne N.

M M
(0:py m™) = (0:py m) (resp. M m)

is a uniformly secondary module of co-order 1.

The next corollary provides exmples of uniformly secondary modules of the form

M
of co-order exactly n.

p"M
Corollary2.7. Let M := Z.Then % is a uniformly secondary module of co-order exact

n(neN)

Exmple2.8. below shows that there is a strongly secondary R-module N with co-order
N < co-exp N.
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Exmple2.9 shows that there is a uniformly secondary module which is not a weakly
secondary module, and so there is a uniformly secondary module which is not a strongly
secondary module. Examples 2.8 and 2.9 are respectively modifications of Exmple 6
and 7 of [2].

Example2.8. LetR = Z,[x; ...x,] wheren > 2 and let q: = (x2,..,x2)R. Then
gis ap = (% ..x,) R- secondary R- module such that p™*! € g. Thus P"*1 (S) = 0.

But x;x; ...x, € p™\q and so p™ (g) = O.Sos IS a strongly p—secondary module with

co—exp g =n+1. Foreach f € p, (S) + s and f? (S) = 0.Thus co — ord (S) = 2.

Example2.9. LetR = Z,[x; ...x,] andq :== ({x?};i = 1) Then Sis anp:= (xy ... Xy, ... )R
—secondary R- module. For each f € p, f? (S) = 0.so§is a uniformly p — secondary
R- module with co — ord (g) = 2, but for any distinct positive integers iy, i, ... iy,

X1, X5, .. Xp & q. 1t follows that there is no f € R\q with fp € q.ThusS Is not a

weakly secondary module and so is not a strongly secondary module
The following proposition provides a useful characterization of uniformly secondary
modules.

Proposition2.10. The R-module N is a uniformly p-secondary module if and only if the
following two conditions hold.

i) N is a p-secondary module

ii) There is a positive integer n such that p={r € R ™ € (0:x N)}.

In addition co —ordgzN =k if and only if k is the least integer for which
condition (ii) holds
Proof =) Is trivial.

<) Suppose that N is an R-module which satisfies (i) and (ii).Let r € R be such
that the mapping NSN is not subjective. Then by (i) re pand so r"N = 0. Thus N is a
uniformly secondary R-module.
The last statement follows from definition of co-order and (i) and (ii) above.

Next we are going to provide a content where the concept of ‘uniformly secondary

modules’ and ‘strongly secondary module’ are equivalent

In next theorem and its corollary and 2.12, Q denotes the set of rational numbers.
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Theorem2.11. Let R be a Q-algebra and N an R-module. Then N is a uniformly
secondary module of co-order k if and only if N is a strongly secondary module of co —
exponent k.

Proof. Suppose that N is a uniformly p-secondary module of co-order k. if k=1, the
result is trivial. So suppose that k>2. By proposition (2.10) there is r € p such that rN =
0, but ' N =0. So p**N=20. We show that pN=0. Let ay, ay, ..., ax p. since k is a Q-
algebra, by [2; lemma 9] the product a;a,...ax can be expressed as a sum of a unit of R
times a sum of k-th powers of element of p. Again by proposition (2.10) (as,...ax) N=0,
and so p*N = 0.

Conversely, suppose N is a strongly p-secondary R-module with co-exp. k. By
proposition 2.5 N is a uniformly p-secondary module with co-ordg N < k. By the same
argument as ‘only if’ statement the co-order of N can not be strictly less than Kk,
otherwise, p“*N=0, a contradiction to the fact that the co-exponent of N is k. thus co-
ord N = k.

Corollary2.12. Let R be a Q-algebra and N be a p-secondary R-module. Then N is a

uniformly p-secondary module if and only —— is a nilpotent ideal of —
y p y y (O:RN) p (0:grN)

The next example shows the existence of a weakly secondary module which is not a

uniformly secondary module.

Example2.13. With the same assumptions and notations as Example (2.4), let R be a Q-
algebra. By that example g is a weakly secondary module which is not strongly

secondary module and so by Theorem (2.11) is not a uniformly secondary module.
For the next proposition we recall two definition from [2].

Definition2.14. Let q be a p-primary ideal of R:

(i) The ideal q is called a Noether primary ideal if p" < q for some ne N. if g is a
Neother strongly primary ideal, then following [1], the smallest positive integer n for
which p" c q, is called the exponent of g and is written as er(q) = n, or simply, e(q)=n.

(i1) The ideal q is called a Mori strongly primary ideal if there exists reR/q such
that rpcq. see [5]

Proposition2.15. Let N be a p-secondary R-module. Then:
(i) If N is uniformly p-secondary module of co-order k,then 0.z N is a uniformly p-
primary ideal of order k.
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(ii) If N is a strongly p-secondary module of co-expenent e, then 0. N is a Noether
strongly p-primary ideal of exponent e.

(iii) If N is a weakly p-secondary module, the 0. N is a Mori strongly p-primary
ideal of R.
Proof. By [4; (1.2)] if N is a p-secondary R-module, then O.g N is a p-primary ideal. To
prove (i), let co-ord N =k and r, s € R be such that rs €(Og N) and r ¢ (O.r N). It
follows that sSN= N and so by the definition of uniformly secondary and co-order, we
deduce that s* e (0. N). Now the last part of (i) follows easily from definition of order
and co-order.

(i), (iii). The proof is straightforward.

Some properties of uniformly secondary modules
In this section we prove some properties of uniformly secondary modules. The first
one compare the co-orders of these modules.

Proposition3.1. Let N;cN, be two uniformly p-secondary submodules of an R-module.
Then co-ord Ny<co-ord N,. Also if N is a quotient of Ny, then co-ord N,<co-ord N;
Proof. Let N;cN; and n:=co-ord N;, m:= co-ord N,. If N, 5 N, (reR) is not surjective,
then r"N,=0 and so r"N; = 0. Thus n<m. the proof of the last assertion is similar.

Remark3.2. It is possible that uniformly p-secondary submodules N; and N, of an R
module be such that N;cN, but co-ord N; = co-ord N,. for example Z,®Z, and Z, are
2z-uniformly Z-modules (and we can consider Z4 as an Z-submodule of Z,&Z3) and co-
ord Z,®Z, = co-ord Z, = 2.

Proposition3.3. let {N;}i be a collection of uniformly p-secondary submodules of an R-
module M and co-ord Ni=k, for all ie | where k eN. Then %, N; is a uniformly p-
secondary submodule of M of co-order k.

Proof. Put N:= Zic; N; then \/0:g N = /0:;g X N; = p and p = {r € R|r¥ € (0:N)}.
Next let N - N be such that rN=Nj. Than there is jel such that rN; = N;. Thus r ep

and r*N=0, hence N is a uniformly p-secondary module of co-order at most k. but co-ord

N;=k for all jel, and by Proposition 2.10 for a fixed j € p, k is the least integer for which
={re R|rrl € (0:g Nj)}. Thus there is r € p such that rk‘lN]- + 0, and so r*'N=0. Hence

co-ord N=k.
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In the next proposition we consider the behaviour of uniformly secondary modules
under change of rings

Proposition3.4. let ¢: A—B be a ring homomorphism and N be a uniformly g-secondary
submodule of a B-module M. then N is a uniformly ¢ (q)-secondary submodule of M
when we consider M as an A-module via ¢ and moreover co-ordaN<to-ordgN.

Remark3.5. The inequality between co-orders in Proposition (3.3) may be strict as the

next example shows

Example3.6. let R= K[x"] (n>1) and S= K[x] where K is a field and ¢ in proposition 3.4

is the inclusion map. Then N = fx[i is a uniomly secondary S-module with co-ordsN =

n. but N is a uniformly secondary R-module with co-ordgN = 1.

Corollary3.7. let N be an R-module with I < AnnN. Then N is a uniformly p-secondary
R-module of co-order k if and only if N is a uniformly ?— secondary ?— module of

co-order k.
Proof. Suppose that N is a uniformly ?— secondary ? — module of co-order k.

By Proposition (3.9) N is a uniformly p-secondary R-module of co-ordrN < k. By
proposition (2.9) thereisr+ | e ?such that (r + I)"'1 N #0. Thus r“*N=£0 and so again
by Proposition (2.9) co-ordg N = k.

Conversely, suppose that N is a uniformly p-secondary R-module with co-ordgN = k.
then it is easy to see that N is a uniformly %— secondary %— module with co —
ordrN < k. but by Proposition (3.3) k = co-ord g N <co —ordr N and so co-ordgN

I

I
=co—ordr N=k.
I

Proposition3.8. let S be a multiplicatively closed subset of R and N be a uniformly p-
secondary R-module. Then SN = 0 or SN is a uniformly S™p-secondary S*R-module
and co-ord s.1rS™N <co-ordgN.

Proof. The proof is straightforward.

Uniformly secondary modules over Noetherian rings and Artinian
uniformly secondary modules
In this section we examine the properties of secondary modules over Noetherian rings

and Artinian secondary modules as well, and we see that in these situations, the notions
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‘uniformly secondary’, ‘strongly secondary’, weakly secondary and secondary are

equivalent

Proposition4.1. let N be a secondary R-module. Then N is a strongly secondary module
and so a uniformly secondary module, if one of (i) or (ii) below holds:

(i) pisa finitely generated ideal

(if) N is an Artinian-module.
Proof. (i). First we suppose that p is a finitely generated ideal of R, with a generating set
for example ry, ..., rx. Then there is positive integers ti,..., tx such that 1riti N=0. Put
n =YX, (t; — 1)+ 1. Then p"N=0, and so N is a strongly secondary module and by
Propositon 2.4 a uniformly secondary module

(ii) let N be an Artinian module. By [3, lemma 3] there is acp such that a is finitely

generated and (0: y a") = (0: n p') for all t € N. by (i) there is n e N such that a"N= 0 and
so N=(0: ya") = (0: n p"). Hence p"N = 0, and so N is a strongly secondary modules and
hence a uniformly secondary module by Propostion 2.9.

Corollary4.2. let N be an R-module. Suppose that R is a Noetherian ring (resp. N is an

Artinian module). Then the following are equivalent:
1) N is a secondary module;
2) N is a uniformly secondary module;
3) N is a strongly secondary module;
4) N is a weakly secondary module.
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